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Abstract

Fluid flows and associated heat and mass transfer problems are governed by sev-

eral nonlinear second-order partial differential equations for which the analytical

solutions are hard to obtain. Therefore, the numerical simulations are very useful in

the research of the flow and heat transfer problems. In the last decade of the 20th

century, a relatively new computational fluid dynamic (CFD) method, so called the

lattice Boltzmann method (LBM) was proposed. The method is coding and meshing

friendly and is rapidly developing in recent years.

In this thesis, three new methods for the flow and heat transfer based on the LBM are

presented. First, we give a counter-extrapolation approach to calculate the heat and

mass transfer problems between conjugate interfaces with the interfacial discontinu-

ity. By applying the finite difference approximation and extrapolation, the conjugate

interface problem can be separated into two individual heat and mass transfer prob-

lems with Dirichlet boundaries, and the Dirichlet boundary problems can be solved

by applying the LBM (or other CFD methods).

Secondly, we consider the inlet and outlet treatment of periodic thermal flow. The

periodic features of fully developed periodic incompressible thermal flows will be

carefully examined by applying the LBM. The distribution modification (DM) ap-

proach and the source term (ST) approach are proposed, which can be both used for

periodic thermal flows with constant wall temperature (CWT) and surface heat flux

boundary conditions.

The last method is a rectangular lattice Boltzmann model for anisotropic flows based

on coordinate and velocity transformation. Unlike the other existing rectangular

models which tuned the lattice Boltzmann algorithm to fit the rectangular or cuboid

lattice grids, this method applies the general lattice Boltzmann method to solve the

transformed system over regular square lattice grids.

All these methods have been carefully examined in several simulations by compar-

ing the LBM results to those of analytical solutions and previous publications using



iv

different numerical techniques. The results of the first and second methods are satis-

factory. However, the result of the last method for the rectangular lattice Boltzmann

model suffers numerical instability and inaccuracy. The reason has been analyzed,

and a possible reform has also been suggested. The future research topics for each

method have been proposed as well.
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Chapter 1

Introduction

Fluid flows and associated heat and mass transport processes are important in nu-

merous natural and industrial systems. For example, in steam power plant, cooling

waters flow through the condenser to remove the heat from steam as it condenses to

liquid water [45, 71]. Also, in the air conditioning system, heat is added or removed

to achieve the desired air temperature [45]. Moreover, in microelectronic devices,

the heat generated from electronic units needs to be taken away to prevent overheat

of the unit, and fans are often used to create airflow in such devices [45]. To improve

heat transfer efficiency, water-cooled computers are available for high-performance

systems.

The flow and heat transfer in such systems are governed by several differential equa-

tions, which are derived from the fundamental conservation of mass, momentum,

and energy. Due to the complexity of these nonlinear second order partial differen-

tial equations, exact solutions are rare and limited to few simple situations [32, 63].

With the advances in computer technologies, numerical modeling and simulations

have become more and more useful for studying complex systems. The advantages

of computational simulations include, for example, the low cost and high efficiency,

the ability to provide detailed information, and the easiness for parametric investi-

gations [32, 63].

For the flow and heat systems, the governing equations, which are established from

the fundamental conservation principles of mass, momentum, and energy, need to

be solved simultaneously. Several numerical schemes have been developed, such
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as the finite element (FE), finite volume (FV) and finite difference (FD) methods.

Details of such methods can be found in computational fluid dynamics (CFD) text-

books [32]. Although these methods are capable in the simulation of various kinds

of complex fluid systems, some difficulties still exist. For example, one major step in

the finite difference and finite volume method is the meshing process, which divides

the continuous physical domain into the discrete computational domain. However,

the meshing process often takes a significant amount of computation, and has a sub-

stantial impact on the stability of the simulation [32], which is often considered as a

negative factor.

In the late 1980s, a novel approach, the lattice Boltzmann method (LBM), was pro-

posed to solve the continuity and momentum equations for incompressible flows

[22, 37, 62, 87]. Different from other traditional CFD methods, LBM models the fluid

as fictitious particles using the density distribution function from statistical physics,

and such particle distribution functions undergo consecutive propagation and colli-

sion processes over a discrete lattice space [37, 62]. While the fundamental equations

in LBM were developed based on the Boltzmann equation and the Maxwell distri-

bution in statistical physics, the macroscopic continuity and momentum equations

can be obtained via the Chapman-Enskog analysis [7, 37, 62]; this justifies the appro-

priateness for using LBM for flow simulations.

From the practical aspect, the LBM has a simple algorithm and can work with com-

plex boundary geometry and moving boundaries. Parallel computation can also be

efficiently implemented due to the locality of LBM algorithms [37, 62]. In addition,

the particulate representation in LBM provides the convenience to incorporate mi-

croscopic effects in macroscopic flows as in multiphase flows [41] and microscopic

gas flows [83]. For these reasons, over the past three decades, the basic LBM algo-

rithm for incompressible flows has been extended to other more complicated situ-

ations, such as porous flows, non-Newtonian flows, compressible flows, turbulent

flows, particulate flows, heat and mass transfer, chemical reaction flows, and elec-

trohydrodynamics and magnetohydrodynamics systems [18, 33, 37, 79].

As with other numerical schemes, boundary treatments are crucial for the efficient
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and accuracy of LBM simulations. In addition, due to the isotropy requirement

for the lattice structures (hexagonal or square in two-dimensional space or cubic in

three-dimensional space), LBM cannot incorporate the anisotropic features of flows

(for example, flows through channels or in cavities with large aspect ratios) naturally

as the other CFD methods do. A uniform lattice mesh is needed, and this affects the

LBM calculation efficiency.

This thesis summarizes the research work on LBM model developments during my

Master’s program. Chapter 2 presents an extension of the counter-extrapolation

treatment for the conjugate interfaces in heat transfer systems with interface dis-

continuity [70]. The method can be applied universally on CFD methods, including

the LBM, to solve the heat and mass transfer problems with interface discontinuity.

The method provides a solution for the simulation of thermal contact resistance phe-

nomenon, which may affect the thermal efficiency of power engines dramatically. In

Chapter 3, the inlet-outlet treatments for LBM simulations of periodic thermal flows

are described [68]. Several validation and demonstration simulations are performed

to illustrate the correctness, accuracy, and usefulness of our proposed methods in

LBM simulations of periodic incompressible thermal flows. In Chapter 4, an LBM

model for anisotropic flows based on coordinate and velocity transforms is proposed

with several demonstration examples [69]. Although as the numerical results show,

the method suffers numerical instability and inaccuracy, but it provides an alterna-

tive approach for anisotropic flows which doesn’t tune the lattice Boltzmann algo-

rithm. All of the above results have been published in peer-reviewed journals.

In addition to those results in Chapters 2–4, the author has worked on the develop-

ment of a simulation platform for the blood flows in coronary arteries. The open-

source LBM package Palabos (http://www.palabos.org/) has been employed, and

several validations and demonstration calculations have been performed. We are

ready to conduct realistic, patient-specific simulations once the clinic data (artery

geometry, blood properties, and artery pressure or velocity measurements) are avail-

able. The details of this platform development have been described in a project re-

port to the supporter of this project; however, they are not included in this thesis for
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the lack of theoretical contributions to the fluid flow.
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Chapter 2

Heat and Mass Transfer Between

Discontinuous Conjugate

Interfaces 1

2.1 Introduction

Conjugate heat and mass transfer between two media with different transport prop-

erties can be found in many natural, biological, and industrial systems [4, 26, 34,

48, 58, 60]. Across a conjugate interface, the heat or mass flux should be contin-

uous due to the energy or mass conservation principle, except some less common

situations with chemical reactions on the interface [8, 9, 14, 29, 35]. The transport

scalar (temperature or mass concentration) is typically assumed to be continuous

across the interface; however, systems with appreciable jump in the transport scalar

are also frequently encountered. For example, the contact thermal resistance may

cause a temperature discontinuity for heat transfer across a solid-solid interface due

to the surface roughness [26]. Similarly, an insulation layer on the surface of an ob-

ject immersed in a fluid can also generate a temperature difference on the two sides

of the insulation layer. Moreover, thermal resistance across a solid-liquid or even

a liquid-liquid interface could also play significant roles in microscopic transport

systems [42, 52]. For solute transport through a permeable membrane in biological

1The contents in this Chapter had been published in International Journal of Numerical Methods for
Heat and Fluid Flow(27: 2231–2258, 2017). Minor revisions have been made in this Chapter.



Chapter 2. Heat and Mass Transfer Between Discontinuous Conjugate Interfaces 6

systems, the solute concentration difference across the membrane is also associated

to the solute flux [4, 60].

In recent years, the lattice Boltzmann method (LBM) has become a useful choice for

computational simulations of various flow and transport systems, including convection-

diffusion systems for heat and mass transfer [3, 13, 17, 78]. Compared to other con-

ventional numerical methods, LBM is advantageous in parallel computation and

treating complex boundary geometry. Several LBM conjugate models have been

proposed in the literature [27, 38, 43, 44, 56]. For example, Huang and Wu [28] and

Chen et al. [12] utilized the total enthalpy LBM model to simulate the heat transfer

process in heterogeneous media. The different thermal conductivity and thermal ca-

pacity values of different materials/phases can be conveniently incorporated in the

equilibrium distribution. On the other hand, Yoshida et al. [76] employed variable

weight coefficients in the equilibrium distribution expression to account different

thermal transport coefficients across an interface and scaled the density distribu-

tions when they cross the interface according to the thermal capacities of respective

domains. Furthermore, Karani and Huber [36] adopted an artificial source term to

the diffusion equation to recover the thermal conduction equation. The source term

requires the calculation of the spatial gradient of the reciprocal of the volume ther-

mal capacity, and they have assumed that the interface locates halfway along the

intersecting lattice links. The spatial accuracy in most of these studies [12, 27, 28, 36,

43, 44, 56, 76] is limited to the lattice resolution since the exact boundary location is

not considered. Moreover, the interfacial discontinuity has not been addressed in all

these previous publications.

Recently, Guo et al. [16] extended their previous work [40] to the jump condition,

where the discontinuity terms for both the transport scalar and its transport flux

have been considered. In this model, these discontinuity terms are predefined be-

fore the simulation, while actually they should be determined simultaneously from

the current, local transport scalar field: the jump in transport scalar is typically as-

sumed proportional to the local flux (see Eq.2.2 below), and the jump in transport

flux should be related to chemical reaction rate on the interface. In addition, the
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mathematical formulation in Ref. [16] is relatively complicated even for the simplest

D2Q5 (two-dimensional, five lattice velocities) lattice model. The method and for-

mulation in Ref. [16] are limited to the D2Q5 lattice model; and they are difficult

to be applied to other lattice structures and cannot be utilized for other numerical

methods. Moreover, the general algorithm (Eq.15 in [16]) cannot be applied at the

vicinity where the lattice lines intersect the interface perpendicularly (for example,

the very top/bottom/left/right edge of a particle in the D2Q5 lattice domain. See

Fig. 1 in Ref. [16]) . Special treatments (for example, switching to the decoupled

scheme Eq.22 in Ref. [16]) could be adopted to bypass this problem; however, this

will make the interface method less efficient and less consistent.

In this chapter, the counter-extrapolation LBM method for conjugate interfaces re-

cently developed by Le et al. [38] has been extend to include the interface disconti-

nuity. By extrapolating the transport scalar distribution from each domain toward of

the interface in the normal direction with the conjugate interface requirements prop-

erly considered, the transport scalar values on the both sides of interface are able to

be determined. Once the scalar values on the interface are available, the conjugate

system has been transferred into a Dirichlet boundary problem for each domain, and

appropriate Dirichlet boundary methods can be readily applied. Compared to the

method in Ref. [16], our method appears advantageous in terms of the mathemati-

cal clarity and algorithm simplicity. The transport scalar jump across the interface is

related to the local flux via the interfacial resistance, following the typical treatments

for heat and mass transfer systems [26, 60]. For the rarity of interfacial reactions in

typical heat or mass transfer systems, the discontinuity in transport flux have not

been considered. Validation simulations are performed to examine the correctness

and accuracy of our model by comparing LBM results to analytical solutions for

steady and unsteady systems with flat and curved interfaces. Numerical stability

has also been tested with satisfactory results. The cooling processes of a hot cylin-

der in a cold flow under different surface insulation conditions are also presented

as a demonstration example for the potential usefulness of our model. The model
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FIGURE 2.1: Schematic illustrations for method description: (a) the
D2Q5 lattice structure, (b) the counter-extrapolation method for con-
jugate interfaces, (c) the bilinear interpolation operation for estimat-
ing the property at an arbitrary position x from its four neighbor-
ing lattice nodes, and (d) the φ distribution profile with discontinuity

across the interface along the normal direction.

description and simulations are presented using the D2Q5 lattice structure for sim-

plicity; however, the interface treatment described here can be readily applied to

other lattice structures and even other numerical methods (such as finite-difference

method and finite-volume method) of computational heat and mass transfer. Also

implementing a flux jump according to the interfacial chemical reactions is straight-

forward by following the algorithm outline in this work.

2.2 Theory and Methods

Here, the fundamentals and numerical models used in this study will be summa-

rized. Section 2.2.1 briefly outlines the transport equation and the conjugate con-

dition across an interface between two transport media, and Section 2.2.2 describes

the D2Q5 LBM model for the convection-diffusion equation. These materials are

available in the literature; however, they are included here for the completeness of

this chapter. Section 2.2.3 extends the recent conjugate method by Le et al. [38]

to consider the discontinuity in transport scalar to the simultaneous local flux. A

boundary method for the Dirichlet condition is also required and here we adopt the

midpoint bounce-back method [75]. In addition to the formulations presented here,

when fluid flows are involved, an appropriate flow solver is also necessary.



Chapter 2. Heat and Mass Transfer Between Discontinuous Conjugate Interfaces 9

2.2.1 Governing Equations and Conjugate Interface Condition

Considering an interface Γ separating two domains Ω1 and Ω2 with different trans-

port parameters. The spatial distribution and temporal evolution of a transport

scalar property φ (φ can be taken as the temperature T for heat transfer or the con-

centration C for mass transfer) is governed by the following differential convection-

diffusion equation:

∂φ/∂t + u · ∇φ = D1∇2φ + G , in Ω1 ; (2.1)

∂φ/∂t + u · ∇φ = D2∇2φ + G , in Ω2 .

Here t is time, u is the velocity, G is the source term, and D1 and D2 are the transport

diffusivities in domains Ω1 and Ω2, respectively. At the conjugate interface Γ, the

discontinuity in transport scalar φ can be related to the transport flux qn along the

normal direction n as [26, 60]

Ci(φint, 1 − φint, 2) = qn , (2.2)

and the normal flux qn is given by

qn = −β1D1 (∂φ/∂n)int, 1 = −β2D2 (∂φ/∂n)int, 2 . (2.3)

Here Ci can be considered as the thermal interface conductance for heat transfer, or

the membrane permeability for solute transport across a membrane in industrial or

biological systems. The inverse 1/Ci is usually called the contact thermal resistance

in heat transfer. The parameter β is simply 1 for mass transfer and it is the volumetric

heat capacity ρcp (ρ as the mass density and cp as the regular heat capacity) for

heat transfer. The subscript int is used to indicate that the variable or its gradient

is measured at the interface, and subscripts 1 and 2 denote on which side of the

interface or in which domain these properties are considered. ∂/∂n represents the

derivative in the local normal direction n, pointing from domain Ω1 toward domain

Ω2. Following the notations in recent relevant studies [16, 38, 40], Eqs.(2.2) and (2.3)
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can be written as follows:

λ(φint, 1 − φint, 2) =
qn

β1
; (2.4)

qn

β1
= −D1 (∂φ/∂n)int, 1 = −σD2 (∂φ/∂n)int, 2 , (2.5)

where λ = Ci/β1 can still be considered as the interface conductance, and σ =

β2/β1.

2.2.2 LBM Model for Transport Phenomenon

To solve the convection-diffusion equation Eq.(2.1), the multiple-relaxation-time (MRT)

LBM model is employed as in Ref. [16, 38, 40]. The distribution function gi(x, t) (x

is the lattice node location and the subscript i denotes the lattice direction) evolves

according to the following lattice Boltzmann equation:

gi(x + ciδt, t + δt)− gi(x, t) = Λi + ωiG(x, t)δt , (2.6)

where δx is the lattice grid size, δt is the time step and Λi is the collision operator.

For the D2Q5 lattice structure (Fig. 2.1a) employed in this study, the lattice velocity

ci and lattice weight ωi are given as: c0 = [0, 0], c1 = [δx/δt, 0], c2 = [−δx/δt, 0],

c3 = [0, δx/δt], c4 = [0, −δx/δt], ω0 = 1/3, and ω1−4 = 1/6. The collision operator

Λi is usually written in matrix expressions as

Λ = [Λ0, Λ1, Λ2, Λ3, Λ4]
T = −M−1S[m(x, t)−meq(x, t)] . (2.7)
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The superscript T denote the transpose of a vector, and the transformation matrix M

and the relaxation matrix S for the D2Q5 lattice structure are given as:

M =



1 1 1 1 1

0 1 −1 0 0

0 0 0 1 −1

4 −1 −1 −1 −1

0 1 1 −1 −1


, S =



τ0 0 0 0 0

0 τ1 0 0 0

0 0 τ2 0 0

0 0 0 τ3 0

0 0 0 0 τ4



−1

. (2.8)

For the isotropic diffusion systems concerned in the present study, the elements τ1

and τ2 in matrix S are related to the diffusion coefficients D1 and D2 in Eq.(2.1) as

τ1 = τ2 =


1
2 +

3D1δt
(δx)2 , in Ω1 ;

1
2 +

3D2δt
(δx)2 , in Ω2 .

(2.9)

The relaxation coefficient τ0 does not affect the numerical solution, and the compo-

nents τ3 and τ4 have no effect on the leading-order terms in the resulted convection-

diffusion equation from the LBM algorithm. The off-diagonal components in the

relaxation matrix S can also be set to non-zero values for anisotropic diffusion sys-

tems. In this study, we only consider isotropic situations, and use τ0 = τ3 = τ4 = 1.

The vector m in Eq.(2.7) is related to the distribution functions gi via the transforma-

tion matrix M:

m = [m0, m1, m2, m3, m4]
T = M[g0, g1, g2, g3, g4]

T . (2.10)

With the equilibrium distribution functions given as

geq
i = ωiφ(1 + 3ci · u) , (2.11)

and the transport scalar

φ = ∑
i

gi = ∑
i

geq
i , (2.12)
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it is ready to obtain the following expression for the equilibrium counterpart for

vector m:

meq = [meq
0 , meq

1 , meq
2 , meq

3 , meq
4 ]T = M[geq

0 , geq
1 , geq

2 , geq
3 , geq

4 ]T = [φ, uφ, vφ, 2φ/3, 0]T ,

(2.13)

where u and v are the components of velocity u in the x and y directions, respectively.

2.2.3 The Counter-Extrapolation Method

For the convenience of further discussion, the lattice Boltzmann equation Eq.(2.6) is

split into two steps: the collision step:

ḡi(x, t) = gi(x, t) + Λi + ωiG(x, t)δt ; (2.14)

and the propagation step:

gi(x + ciδt, t + δt) = ḡi(x, t) . (2.15)

The intermediate distribution function ḡi is called the post-collision distribution. A

general curved interface Γ is considered, which is separating domains Ω1 and Ω2

as shown in Fig. 2.1b. At a certain time step t, all the distribution functions gi at

each lattice node are available, and the post-collision distribution functions ḡi can be

calculated from Eq.(2.14). However, the propagation process cannot be performed

as usual for lattice links crossing the interface, such as that connecting node x1 in

domain Ω1 and node x2 in domain Ω2 (Fig. 2.1b). The intersecting position is labeled

as xint. Following previous studies in dealing with boundary gradients [11, 38, 49],

we draw a line at point xint perpendicular to the interface. On this line we have

points x′1 and x′′1 in domain Ω1, and points x′2 and x′′2 in domain Ω2. The distance

between any two adjacent points along the perpendicular line is kept constant δ, i.e.,

|x′′1 − x′1| = |x′1 − xint| = |xint − x′2| = |x′2 − x′′2 | = δ (Fig. 2.1b). The φ values at points

x′′1 , x′1, x′2, and x′′2 can be obtained from neighboring lattice nodes in their individual
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domain via, for example, bilinear interpolations [11]:

φ(x) ≈ Anwφ(xse) + Aneφ(xsw) + Aswφ(xne) + Aseφ(xnw)

(δx)2 , (2.16)

where xnw, xne, xsw, and xse are the four nearest lattice nodes of position x, and Anw,

Ane, Asw, and Ase are the four fractional areas in the lattice square (Fig. 2.1c). By

assuming second-order polynomial variations along the perpendicular line in both

domains, the normal gradient on each domain side at the intersecting point xint can

be expressed as:

(∂φ/∂n)int, 1 ≈
3φint, 1 − 4φ(x′1) + φ(x′′1 )

2δ
, (2.17)

(∂φ/∂n)int, 2 ≈ −
3φint, 2 − 4φ(x′2) + φ(x′′2 )

2δ
. (2.18)

The conjugate boundary conditions Eqs.(2.4) and (2.5) are then used in combination

with Eqs.(2.17) and (2.18) to solve the interface values φint, 1 and φint, 2 (Fig. 2.1d):

φint, 1 =
(α + γ)[4φ(x′1)− φ(x′′1 )] + [4φ(x′2)− φ(x′′2 )]

3(1 + α + γ)
; (2.19)

φint, 2 =
γ[4φ(x′1)− φ(x′′1 )] + (1 + α)[4φ(x′2)− φ(x′′2 )]

3(1 + α + γ)
; (2.20)

where

α =
3D1

2λδ
, γ =

D1

σD2
. (2.21)

When the interface resistance is negligible, we have the conductance λ → ∞ and

thus α → 0, and the above equations revert back to those in [38]. Once the interface

values φint, 1 and φint, 2 become available, the original conjugate interface problem

has been converted to a Dirichlet boundary problem for each domain, and an ap-

propriate boundary method for the Dirichlet condition can be used. Here, we adopt
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the midpoint bounce-back scheme for its simple algorithm and good numerical ac-

curacy [11]:

gī(x1, t + δt) = −ḡi(x1, t) + 2ωiφ
m
1 , (2.22)

gi(x2, t + δt) = −ḡī(x2, t) + 2ωīφ
m
2 . (2.23)

Here the lattice direction i is from node x1 to node x2 and the lattice direction ī is the

reverse direction. For the particular situation in Fig. 2.1b, we have i = 1 and ī = 2.

Parameters φm
1 and φm

2 are the estimated φ values at the midpoint xm = (x1 + x2)/2

via interpolation or extrapolation from each domain side, respectively [11, 75]:

φm
1 =


φint, 1+(1−2∆)φ(x1)

2(1−∆) , ∆ ≤ 1/2 ,

3φint, 1−(2∆−1)φ(x∗1)
2(2−∆) , ∆ > 1/2 ,

(2.24)

φm
2 =


φint, 2−(1−2∆)φ(x2)

2∆ , ∆ ≤ 1/2 ,

3φint, 2−(1−2∆)φ(x∗2)
2(1−∆) , ∆ > 1/2 .

(2.25)

In these equations, x∗1 and x∗2 are the second lattice nodes along the intersecting lattice

link from the interface into each domain, and ∆ is the fraction in domain Ω1 of the

lattice link connecting x1 and x2 (Fig. 2.1b):

∆ =
|xint − x1|
|x2 − x1|

. (2.26)

The counter-extrapolation method described above performs extrapolations of φ

along the local normal direction of the conjugate interface. With a properly selected

extrapolation interval δ (δ = 1.5δx in this study) [11, 49], all the extrapolation con-

trol points x′′1 , x′1, x′2, and x′′2 are well defined in their respective domains; unless the

local curvature radius is very small (for example, a circular interface with a radius

R < 2δx), and such situation should be avoided anyway for the low spatial resolu-

tion.
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FIGURE 2.2: Effects of the interface conductance on the φ profile
across the gap between two parallel plates. The interface locates at
y = H/2. The LBM results are displayed as symbols in compari-
son to the corresponding theoretical solutions from Eq.(2.27) as solid

lines.

2.3 Validation and Demonstration Simulations

We start with a very simple one-dimensional (1D) system to demonstrate that the

jump condition at interface has been well represented in our model. After that, sev-

eral more complicated simulations are presented to examine the performance of the

proposed method. These simulations are similar to those in previous studies [16, 38,

40], and they cover steady and unsteady situations with flat and curved interfaces.

We also simulate the cooling process of a hot cylinder in a cold flow under differ-

ent surface insulation conditions as a demonstration example to illustrate potential

applications of our conjugate interface treatment.

2.3.1 One-Dimensional Steady Diffusion System

Here we consider the steady diffusion system between two infinitely large, parallel

plates with a gap H, and the conjugate interface locates at the center plane y = H/2

(y is the coordinate across the gap starting from one plate). We consider the region

0 < y < H/2 as Domain 1 and the region H/2 < y < H as Domain 2. For simplicity,
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the boundary values on the plates are set as φ(y = 0) = 0 and φ(y = H) = 1. The

theoretical solution of φ in this system is

φ(y) =


2y

H+HD1/(σD2)+2D1/λ
, 0 < y ≤ H/2 ,

1− 2(1−y)
H+HσD2/D1+2σD2/λ , H/2 ≤ y < H ,

(2.27)

and the interfacial values φint, 1 and φint, 2 can be easily obtained by letting y = H/2

in the two respective expressions in the above equation. Here we use H = 64, σ = 1,

D1 = 1/18, D2 = 1/6, and the interface (as well as the boundary plates) locates

half-way between two horizontal lattice grid lines. The LBM calculations are per-

formed over a rectangular domain with the periodic boundary condition in the di-

rection along the plates. Various interfacial conductance parameter λ values have

been tested; and Fig. 2.2 displays three representative cases. The case with λH/D′ =

0.001 [D′ = D1D2/(D1 + D2)] has a relatively low interface conductance (i.e., high

interface resistance), and the interface acts like an insulation layer between the two

domains. As the result, we have almost uniform φ values in each domain: φ = 0

in Domain 1 and φ = 1 in Domain 2, determined by the respective wall boundary

values. On the other extreme end, the case with λH/D′ = 500 represents the situ-

ation with an interface of a good conductance or very low interface resistance, and

therefore virtually there is no φ discontinuity observed at the interface. The case of

λH/D′ = 2 is presented here just to illustrate the intermediate situations between

those two extreme conditions above. In all these cases, the LBM results (symbols)

match their corresponding exact solutions from Eq.(2.27) perfectly with no visual

difference. Other diffusivity (D1 and D2) and interface-lattice offset (∆) values have

also been tested, and similar excellent agreement has been observed. Numerically,

the difference between LBM and theoretical results is of the order of ∼ 10−10. We

believe these tiny errors are mainly from the computer round-off errors, since all our

assumptions (including the bilinear interpolations via Eq.2.16 and the second-order

finite-difference approximation of interface gradient via Eqs.(2.17) and (2.18) are ex-

actly satisfied, and the LBM algorithm for the convection-diffusion equation has a

second-order accuracy (while the φ distribution is linear in this 1D diffusion system).
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FIGURE 2.3: The schematic for the flat interface system used in steady
and unsteady convection-diffusion simulations. The relative position
of the interface to the underlying lattice grid is denoted the offset ∆,

the distance from the interface to the first lattice grid line below it.

2.3.2 Steady and Unsteady Convection-Diffusion Processes with a Flat

Interface

Model Description and Analytical Solution

Next we consider the system shown in Fig. 2.3 with a flat, horizontal interface. In

this study, we limit ourselves to square systems with the interface in the middle, i.e.,

L = H and h = H/2. The relative position of the interface to the underlying lattice

mesh lines is represented by the interface-lattice offset ∆. The variable φ values at

the top and bottom walls are specified by:

φ(x, y = 0) = φ(x, y = H) = cos(kx + ωt) , (2.28)

where k = 2π/L is the wavenumber and ω is the temporal frequency. This system

has been simulated in Refs. [38, 40] with no interface discontinuity considered; and

it has also been utilized in Ref. [16] with predefined interface jumps in transport

scalar and flux. Here we will apply the classical conjugate condition Eqs.(2.4) and

(2.5) instead.

The midpoint bounce-back boundary method [11] is utilized for this Dirichlet bound-

ary problem for each domain, and periodic boundary conditions [78] are imple-

mented at the left and right boundaries. In addition, a uniform flow u = (U0, 0)

(U0 is a constant) is applied over the entire computational domain. The analytical
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solution of this system is:

φex(x, y, t) =


Re{ei(kx+ωt)[γ1e−λ1y + (1− γ1)eλ1y]} , 0 ≤ y ≤ h ;

Re{ei(kx+ωt)[γ2e−λ2y + (1− γ2e−λ2 H)e−λ2(H−y)]} , h ≤ y ≤ H ;

(2.29)

with relevant parameters defined as below:

γ1 =
λ1(a2

3 − a2
2) + κσλ2(2a1a2a3 − a2

2 − a2
3) + κσλ1λ2D1(a2

2 + a2
3)/λ

(λ1 + κσλ2)(a2
1a2

3 − a2
2)− (λ1 − κσλ2)(a2

1a2
2 − a2

3) + κσλ1λ2D1(a2
1 + 1)(a2

2 + a2
3)/λ

,

(2.30)

γ2 =
λ1(a2

1a3 + a3 − 2a1a2) + κσλ2(a2
1 − 1)a3 + κσλ1λ2D1(a2

1 + 1)a3/λ

(λ1 + κσλ2)(a2
1a2

3 − a2
2)− (λ1 − κσλ2)(a2

1a2
2 − a2

3) + κσλ1λ2D1(a2
1 + 1)(a2

2 + a2
3)/λ

,

(2.31)

a1 = e−λ1h , a2 = e−λ2h , a3 = e−λ2 H , (2.32)

λ1 = k

√
1 + i

ω + kU0

k2D1
, λ2 = k

√
1 + i

ω + kU0

k2D2
, κ = D2/D1 . (2.33)

Again, with λ → ∞ for negligible interfacial resistance, the last terms in the numer-

ators and denominators in Eqs.(2.30) and (2.31) disappear and the solution reverts

back to that in Refs. [38, 40].

Steady Simulation

By setting ω = 0, the temporal vibrational effect can be removed, and the system

becomes steady. Here, following Refs. [38, 40], we use D1 = 1/60, D2 = 1/6, σ = 1,

and the Peclet number Pe = U0H/D1 = 20 for the steady simulation. A moderate

interface conductance λH/D′=2 is selected based on the simulations in Sect. 2.3.1.

Fig. 2.4 compares the LBM results to those from Eq.(2.29) for the case with H = 64

and the interface-lattice offset ∆ = 0.5δx. In Fig. 2.4a, we plot the φ distributions

from our LBM calculation (the background color patches) and the analytical solu-

tion Eq.(2.29) (the black lines as iso-φ contours). Here we have a visually perfect

match in the contours. Actually if we plot the LBM and theoretical results both in

contour lines, we will not be able to distinguish them from each other. For a more

quantitative comparison, Fig. 2.4b displays the φ distribution profiles along four

constant-x lattice lines, with the symbols from our LBM simulation and the curves
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FIGURE 2.4: The φ distributions in the computational domain (a), the
φ profiles along x/L = 0, 0.25, 0.5, and 0.75 across the interface at
y/H = 0.5 (b), the variations of interfacial values φint, 1 and φint, 2
along the interface (c), and the variations of the interfacial gradients
(∂φ/∂n)int, 1 and (∂φ/∂n)int, 2 along the interface (d) for the steady
convection-diffusion system with a flat interface. In (a) the back-
ground color patches are from our LBM calculation and the black
contour lines are from the analytical solution. In (b)-(d) the symbols
are LBM results and the underlying curves are theoretical predictions.
The dashed lines in (a) and (b) indicate the interface location; and the
dashed lines in (c) and (d) are used to separate the positive and neg-

ative scalar or gradient values along the interface.

from Eq.(2.29). Again excellent agreement is observed here, both in the individual

domains and across the interface.

To check the model performance along the interface, we plot the transport values

and gradients on both sides of the interface in Figs. 2.4c and d. We see φint, 1 >

φint, 2 in the range of 0.305 < x/L < 0.805, and φint, 1 < φint, 2 in the rest (Fig.

2.4c); correspondingly, the interfacial gradients (∂φ/∂n)int, 1 and (∂φ/∂n)int, 2 are

both positive (i.e., flux from Domain 1 into Domain 2) in 0.305 < x/L < 0.805, and

they are both negative (i.e., flux from Domain 2 into Domain 1) in the rest of the

interface (Fig. 2.4d). At the separating locations x/L = 0.305 and x/L = 0.805,

φint, 1 = φint, 2 as well as (∂φ/∂n)int, 1 = (∂φ/∂n)int, 2 = 0. The two gradients follow

the same variation fashion along the interface, and the magnitude of (∂φ/∂n)int, 1 is

away larger that of (∂φ/∂n)int, 2, since we have used D1 = 1/60 and D2 = 1/6 in
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face. The symbols are LBM results and the underlying curves are

from analytical solution Eq.(2.29).

this calculation. This shows the conjugate requirements Eqs.(2.4) and (2.5) have been

correctly considered in our algorithm. Also plotted there are the theoretical solutions

calculated from Eq.(2.29). The agreement is excellent in both interface value and

gradient.

Unsteady Simulation

We continue to examine the performance of our counter-extrapolation method in

dealing with unsteady problems. The system in Fig. 2.3 is re-utilized, however, with

a dynamic boundary condition. The frequency ω in Eq.(2.28) is set from the Stokes
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FIGURE 2.6: The φ distributions (a), the φ profiles along x/L = 0,
0.25, 0.5, and 0.75 (b), the variations of interfacial values φint, 1 and
φint, 2 along the interface (c), and the variations of interfacial gradi-
ents (∂φ/∂n)int, 1 and (∂φ/∂n)int, 2 along the interface (d) for the un-
steady convection-diffusion system with a flat interface at t = 4π/ω.
In (a) the background color patches are from our LBM calculation and
the black contour lines are from the analytical solution. In (b)-(d) the
symbols are LBM results and the underlying curves are theoretical
predictions. The dashed lines in (a) and (b) indicate the interface lo-
cation; and those in (c) and (d) are used to separate the positive and

negative scalar and gradient values.

number St =
√

H2ω
2πD1

= 1 [38, 40]. The ratio σ is set to 10 to represent more general

cases, for example, the heat transfer between two media with different volumetric

heat capacities. All other parameters are kept the same as in the previous steady

case. The simulation starts with the theoretical solution from Eq.(2.29) as the initial

condition. We record the φ values at two locations away from the interface and

boundaries (one at x/L = y/H = 0.25 in Domain 1, and another at x/L = y/H =

0.75 in Domain 2), and the φ values and its gradients on two interfacial locations

[φint, 1 and (∂φ/∂n)int, 1 at x/L = 0.5; φint, 2 and (∂φ/∂n)int, 2 at x/L = 0.75]. Their

revolutions with simulation time (normalized by the variation period 2π/ω) are

displayed in Fig. 2.5. It can be seen there all recorded variables (symbols) follow

their individual analytical solutions (curves) very well with no evident deviations.

Please note that here the interface values and gradients on side 1 and side 2 are
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obtained at different locations on the interface, and the correlations discussed for

Fig. 2.4 do not apply here. Also, as for the steady case, we compare the overall φ

distributions (Fig. 2.6a), the φ profiles along constant-x lattice lines (Fig. 2.6b), and

the φ and its gradient variations along the interface (Figs. 2.6c and d) at time instant

t = 4π/ω (i.e., two periods after the simulation starts). In general, good agreement

between the LBM results and the exact solutions is confirmed.

The numerical stability of this conjugate method is then tested using this unsteady

system. For this purpose, we start with the same parameters as given above, and

change one individual parameter significantly to see if the calculation is stable or

not. Here are the parameters and their values we have examined:

– Diffusivity: D1 = 1/1000 and D2 = 1; and D1 = 1 and D2 = 1000.

– Heat capacity ratio: σ = 1/100; and σ = 100.

– Interface conductance: λ = 1/1000; and λ = 1000.

– The Peclet number: Pe = 200.

All these calculations are stable for at least three periods. The only case that the

simulation becomes unstable is when we increase the Stokes number St =
√

H2ω
2πD1

.

The program works well till St = 40, and it turns unstable at St = 50. At St =

40, the temporal variation period 2π/ω is 153.6δt. Further increasing the Stokes

number St with other parameters the same will increase the frequency ω and reduce

the variation period 2π/ω at a two-order faster speed. Such faster variations in

temperature can cause strong numerical oscillation and break down the simulation.

In addition, at a high frequency, the temperature variation is limited in a thin layer

near the top and bottom boundaries, while the temperature in the central region

remains approximately zero unchanged. A large spatial temperature gradient in the

y−direction is then developed near the boundaries, and this can also damage the

simulation stability. Overall, the stability of our method is satisfactory considering

the large ranges of parameter values tested.
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2.3.3 Steady Diffusion System with a Circular Interface

For a more general case, we now consider the diffusion system illustrated in Fig. 2.7,

with Domain 1 in the central region of r < R1 and Domain 2 in the surrounding ring

region of R1 < r < R2. For this case, only the steady situation is simulated and the

boundary φ value on the outer edge r = R2 is specified by [38, 40]:

φ(r = R2) = cos(nθ) , (2.34)

where θ is the polar angle and n is an integer. The analytical solution of this system

is given by:

φ(r, θ) =


b1rn cos(nθ) , 0 ≤ r ≤ R1 ,

(b2rn + b3r−n) cos(nθ) , R1 ≤ r ≤ R2 ,
(2.35)

and the parameters b1, b2, and b3 are expressed as:

b1 =
2κσR1R−n

2

(κσ + 1)R1R2n
2 + (κσ− 1)R2n+1

1 − nκσD1(R2n
1 + R2n

2 )/λ
,

b2 =
[(κσ + 1)R1 + nκσD1/λ]Rn

2

(κσ + 1)R1R2n
2 + (κσ− 1)R2n+1

1 − nκσD1(R2n
1 + R2n

2 )/λ
, (2.36)

b3 =
[(κσ− 1)R1 + nκσD− 1/λ]R2n

1 Rn
2

(κσ + 1)R1R2n
2 + (κσ− 1)R2n+1

1 − nκσD1(R2n
1 + R2n

2 )/λ
.

Once again, for a no-resistance interface with λ → ∞, the expressions for b1, b2, and

b3 reduce to the simpler version in Refs. [38, 40]. In our simulations, we maintain

n = 4, R2/R1 = 2, D1 = 1/60, D2 = 1/6, and σ = 1, following previous studies [38,

40]. The interface conductance is set as λR2/D′ = 2.

In Fig. 2.8, the LBM results for the case with R2 = 2R1 = 32.5δx [38, 40] are com-

pared to the exact solution in Eq.(2.35). Similar to Figs. 2.4 and 2.6, here we display

the φ distribution contours (Fig. 2.8a; only a quarter of the system is shown for sys-

tem symmetry), the φ radial profiles along θ = 0 and θ = π/4 (Fig. 2.8b), and the

interfacial φ value and normal gradient variations along the interface r = R1 (Figs.
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FIGURE 2.7: The schematic of the steady diffusion system with a cir-
cular interface at r = R1, which separates the two coaxial domains Ω1
for r < R1 and Ω2 for R1 < r < R2. Different transport parameters are
assigned to the two domains, and a steady but non-uniform bound-
ary condition as given by Eq.(2.34) is imposed at the outer boundary

at r = R2.

2.8c and d). Again there is no visual difference noticed in the distribution contours,

except at the center, where the φ = 0 counter line does not reach the domain center

radially but turns back near it. This is from the plotting software, since the φ magni-

tude is very small near the center (φ = 0 at r = 0) and the plotting program cannot

distinguish such tiny difference in this region. Nevertheless, the contour lines are

from the exact solution, and our LBM calculation actually has captured the local φ

distribution to a reasonable accuracy (see the color patches near the center in Fig.

2.8a). Again as with the flat interfaces in previous sections, excellent agreement can

be noticed in φ values in the separate domains and across the interface (Fig. 2.8b),

as well as in the value and gradient variations along the circular interface (Figs. 2.8c

and d). The correlation between the interfacial value and gradient specified by the

conjugate condition Eqs.(2.4) and (2.5) is also correctly enforced.

2.3.4 Accuracy Analysis

In this section, the accuracy of our method is examined by varying the plate-plate

distance H for the flat-interface system with keeping L = H and h = H/2, or chang-

ing the inner radius R1 for the circular-interface system with holding R2 = 2R1. To

measure the numerical accuracy of our counter-extrapolation algorithm in the entire

computation domain and along the conjugate interface, the following relative errors
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FIGURE 2.8: The φ distributions (a), the φ profiles along θ = 0 and
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ative interfacial properties.

are defined [38, 40]:

E2 =
∑Ω1+Ω2

(φLBM − φex)2

∑Ω1+Ω2
(φex)2 , (2.37)

E2, int, 1 =
∑Γ(φ

LBM
int, 1 − φex

int, 1)
2

∑Γ(φ
ex
int, 1)

2 , (2.38)

E2, int, 2 =
∑Γ(φ

LBM
int, 2 − φex

int, 2)
2

∑Γ(φ
ex
int, 2)

2 , (2.39)

E2, qint =
∑Γ[(∂φ/∂n)LBM

int, 1 − (∂φ/∂n)ex
int, 1]

2

∑Γ[(∂φ/∂n)ex
int, 1]

2 . (2.40)

Here superscripts LBM and ex are used to denote the properties obtained from LBM

simulations or the exact analytical solutions. We do not have another error term de-

fined for the interface gradient (∂φ/∂n)int, 2 like E2, qint in Eq.(2.40) for (∂φ/∂n)int, 1,

considering the direct proportionality between the two interface gradient terms in
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FIGURE 2.9: The relative errors E2 (a1, b1, and c1), E2, int, 1 (a2, b2 and
c2), E2, int, 2 (a3, b3 and c3), and E2, qint (a4, b4 and c4) for the steady
(a1-a4) and unsteady (b1-b4) convection-diffusion systems with a flat
interface and the steady diffusion systems with a circular interface
(c1-c4). Effects of the interface-lattice offset distance (a1-a4: ∆ = 0.01
as black circles, 0.5 as blue squares, and 0.75 as red diamonds), heat
capacity ratio (b1-b4: σ = 0.1 as black circles, 1 as blue squares, and
10 as red diamonds), and interface conductance (c1-c4: λR2/D′ = 0.1
as black circles, 2 as blue squares, and 100 as red diamonds) on the
numerical accuracy have also been investigated. Straight lines with

slope values are used to indicate the convergence order.

Eq.(2.5). For unsteady simulations, the above defined errors also vary with time, and

periodicity can be observed shortly after a simulation starts. The periodical varia-

tions of the errors have much shorter periods (compared to the imposed boundary

value variation period 2π/ω) and very small variation amplitudes. For these situ-

ations, we use the averaged error values over a complete error variation period for

our following analysis.

In Fig. 2.9 we collect all the error data for E2 (top row), E2, int, 1 (second row), E2, int, 2

(third row), and E2, qint (bottom row) from our steady (left column) and unsteady

(center column) flat-interface simulations and steady circular-interface simulations
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(right column). Effects of several system parameters on the simulation accuracy

have also been investigated here. These errors are plotted against 1/H or 1/R1 with

logarithm scales for both axes. Straight lines with their individual slope values in

the log-log plots are also displayed to visualize the convergence order.

For steady cases with flat interfaces (left column in Fig. 2.9), we use σ = 1 with

different interface-lattice offsets: ∆ = 0.01 (black circles), 0.5 (blue squares), and

0.75 (red diamonds). It appears that the offset ∆ = 0.01 generates larger E2 errors

(Fig. 2.9-a1), probably due to the less accurate midpoint value φm calculated via

linear interpolation or extrapolation via Eqs.(2.24). The convergence orders for all

errors are between 1 and 2, with that for E2 very close to 2 (Fig. 2.9-a1) and that for

E2, qint approximately 1.5 (Fig. 2.9-a4). It is reasonable to see E2 has the best accuracy

since it is calculated over the entire computation domain, while the inaccuracy is

mainly concentrated in a thin layer near the boundary or interface where approxi-

mations are introduced [73]. On the other side, for E2, qint, the calculation involves

finite-difference approximations (via Eqs.2.17 and 2.18) from the interpolated φ values

(via Eq.2.16) in the interfacial region. Since the finite-difference approximation has a

second-order accuracy and the bilinear interpolation has a first-order accuracy, the

error in interfacial flux E2, qint therefore exhibits an accuracy order between 1 and 2.

Similar reduced accuracy orders have been reported in previous LBM simulations

when finite-difference approximations are involved [11, 25, 49]; however, the exact

mechanism is complicated and difficult to explore. For example, a recent study by

Chen et al. [11] indicated that the overall numerical accuracy order and magnitude

could be affected by several factors, including the system geometry and the bound-

ary values imposed. Le et al. [38] have also tested the nine-node Lagrange quadratic

interpolation scheme for the calculation of φ values at the finite-difference control

points, and no apparent improvement has been observed in the relative errors. In

the unsteady flat-interface systems (center column in Fig. 2.9), we fix the interface-

lattice offset ∆ = 0.5δx and use different σ values: σ = 0.1 (black circles), 1 (blue

squares), and 10 (red diamonds). The accuracy behavior is very similar to that for

the steady cases, in both the error magnitudes and convergence orders. This implies
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that the unsteady variation as well as the ratio σ have no major impact on the per-

formance of our method. The approximately second-order accuracy here are close

to those reported in Ref. [16] for a similar flat-interface system; however, it should

be noted that in Ref. [16] the general algorithm cannot be used for interfaces ap-

proximately parallel or perpendicular to the underlying lattice grid lines; instead, a

specific decoupled algorithm was used for flat interfaces by taking advantage of the

particular interface shape and orientation.

In the right column of Fig. 2.9, the errors from the steady simulations with a circular

interface discussed in Sect. 2.3.3 with different interface conductance (λR2/D′ = 0.1

as black circles, 2 as blue squares, and 100 as red diamonds) are displayed. It appears

that the interface conductance does not affect the accuracy much. The overall con-

vergence orders are approximately 1 for E2, E2, int, 1, and E2, int, 2. The E2, qint errors

also follow the slope=1 trend in general, except the data point for R1 = 64.25 δx and

λ2/D′ = 100. It is difficult to identify the exact reason for this particular data point

considering the complexity of the system and calculations. The reduced accuracy,

in all error quantities examined here, from the circular-interface cases compared the

flat-interface cases are expected when one considers following facts. For the D2Q5

lattice structure used in this work, the four control points for the finite-difference

approximation of interfacial gradients (Fig. 2.1b) are all along a vertical lattice grid

line, and the bilinear interpolations for the φ values at these points via Eq.(2.16)

have been simplified to linear interpolations between two lattice nodes. Also in the

flat-interface systems, the interfacial values φint, 1 and φint, 2 are obtained from finite-

difference approximations along the same lattice line where the midpoint boundary

method is performed. These might be responsible for the better accuracy of flat-

interface systems. Similar reduced convergence order and error scatters have also

been observed in Refs. [16, 38, 40].
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FIGURE 2.10: The schematic for simulations of the cooling processes
of a hot cylinder in a cold flow. Fluid enters from the left edge of the
simulation domain with density ρ0, velocity U0, and temperature T0,

and domain boundary conditions are described in details in text.

2.3.5 Cooling Process of a Hot Cylinder in a Cold Flow under Different

Insulation Conditions

At last, we simulate the cooling process of a hot cylinder with a cold fluid flow-

ing over. The system involves unsteady flow and curved interface, and it serves

as an example to demonstrate potential usefulness of our model in conjugate heat

transfer systems. The transport scalar φ is replaced with temperature T in the fol-

lowing discussion. Fig. 2.10 provides a schematic description of the system setup,

and we use subscripts f and s to distinguish properties of the fluid and the solid

cylinder, respectively. The center of the solid cylinder of a radius R locates at x = l

from the inlet and y = Yc = H/2 from the bottom. At the left inlet (x = 0), we

impose a uniform flow with constant velocity U0, density ρ0, and temperature T0.

For the top (y = H) and bottom (y = 0) boundaries and the right exit (x = L),

we apply the following no-gradient conditions: (∂u/∂y)y=0 = (∂u/∂y)y=H = 0,

(∂ρ/∂y)y=0 = (∂ρ/∂y)y=H = 0 (ρ is the fluid density), (∂T/∂y)y=0 = (∂T/∂y)y=H =

0, (∂u/∂x)x=L = (∂v/∂x)x=L = 0, (∂ρ/∂x)x=L = 0, and (∂T/∂x)x=L = 0. Also the

transverse velocity v is set to zero at y = 0 and y = H: v(y = 0) = v(y = H) = 0

[10]. The flow field is solved using the standard single-relaxation-time (SRT) LBM

model with the D2Q9 (two-dimensional, nine lattice velocities) lattice structure [78,

17]. While MRT models for flows have better numerical stability in general, the sim-

pler SRT D2Q9 model serves the demonstration purpose here well. The no-slip

boundary condition over the cylinder surface is accomplished using the midpoint

velocity boundary method [75]. The flow velocity from the flow calculation is then
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utilized in the calculation of temperature field, in particular, via Eq.(2.13). For sim-

plicity, we assume that the fluid properties (density, viscosity, and heat capacity) are

not changing with the fluid temperature. Before starting the simulation, we set the

fluid with a constant density ρ(t = 0) = ρ0 and no flow velocity u(t = 0) = (0, 0);

and T(t = 0) = Ts in the cylinder and T(t = 0) = Tf in fluid. These boundary

and initial conditions are typical in computational studies of flows over objects, and

more detailed description of the flow calculation can be found in the literature [10].

In our following simulations, we use R = 20δx, L = 1600δx, H = 640δx, l = 300δx,

ρ0 = 1, U0 = 0.05, T0 = Tf = 0, and Ts = 1. The fluid kinematic viscosity ν is

obtained from the Reynolds number Re = 2U0R/ν = 100; and similarly the fluid

heat diffusivity D f is calculated from the Prandlt number Pr = ν/D f = 2. The heat

transfer properties of the cylinder are assumed as the same of the fluid, i.e., Ds = D f

and σ = (ρcp)s/(ρcp) f = 1.

We consider the following three cases with difference interfacial conductance con-

figurations on the cylinder surface to mimic different insulation situations:

– Case I: λR/D f = 200 over the entire cylinder surface. This large conductance

(small thermal resistance) represents the situation with no insulation layer on

the surface. The results from this case have been compared to those of Case 1

in Ref. [38] (no interface discontinuity considered there) and no evident differ-

ence has been observed.

– Case II: λR/D f = 1 over the entire cylinder surface. This small conductance

(large thermal resistance) represents the situation with an insulation layer around

the hot cylinder.

– Case III: λR/D f = 1 for the upper half surface and λR/D f = 200 for the lower

half surface. This setup corresponds to the situation where the insulation layer

only presents on the upper half surface, and the lower half surface is exposed

to fluid directly.

Fig. 2.11 shows the distributions of flow vorticity (top row) and temperature (second

row for Case I, third row for Case II, and bottom row for Case III) at normalized time
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FIGURE 2.11: The distributions of flow vorticity (top row) and tem-
perature (lower three rows, one for each case simulated) at three rep-
resentative time instants during the cooling processes of the system
in Fig. 2.10. All three simulations start from the same initial condition
with the fluid at rest of Tf = T0 = 0 and the solid cylinder of Ts = 1.
The temperature fields here are displayed using a same color scale for
direct comparison; however, the color scale is limited in the range of
0 ∼ 0.15 (i.e., temperature higher than 0.15 will be shown in the same
color, which is dark red here) so we can see the relatively low fluid

temperature clearly.

t∗ = tU0/2R = 5 (left column), 20 (center column), and 50 (right column). The flow

field is the same for all the three cases since we have neglected the thermal effect on

fluid properties. At t∗ = 5, the flow is still in the early development stage and an

approximately symmetric vorticity pattern is observed. The symmetric structure is

then quickly destroyed as time processes, and the unsteady nature of this moderate

Reynolds number flow becomes dominant at t∗ = 20. At t∗ = 50, the well-known

Karman vortex street pattern has been established behind the cylinder. These flow

patterns are consistent to results reported in previous studies [10]. The temperature

fields show clear relationship to the flow structure for this convection-dominant sys-

tem with the Peclet number Pe = RePr = 200. At t∗ = 5, the temperature fields for

Cases I and II appear symmetric about the system midplane due to the symmetric
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flow structure. However, the fluid temperature in Case II is lower than that in Case

I, since the surface resistance in Case II has reduced the heat flux entering fluid. For

Case III, we see the temperature pattern is asymmetric about the centerline: It is sim-

ilar to Case I in the lower part and similar to Case II in the upper part. Clearly this

is due to the particular surface insulation condition described above.

Now we have a close look at the temperature distributions inside and around the

cylinder during the cooling processes (Fig. 2.12). At t∗ = 5, one can see the cylinder

temperature in Case I has reduced slightly along the front surface, since the front

surface is facing the incoming cold flow. This is not visible for Cases II, and only been

seen in the lower front surface area for Case III. Meanwhile, the fluid temperature

is relatively high near the two separation points of Case I and the lower separation

point of Case III. This indicates that the cylinder in Case I has released more heat into

fluid through its conductive surface. On the other hand, the surface resistance in

Cases II and III has effectively reduced the heat flux leaving the cylinder. At t∗ = 20,

the temperature of the cylinder in Case I has significantly reduced, while that in Case

II is still relatively high. Strong asymmetry is developed for the temperature filed in

Case III, and the pattern is clearly related to the surface insulation configuration: The

solid is hotter above and cooler below, and the fluid is cooler above and hotter below.

As simulations proceed, more heat is released to fluid and the cylinder temperature

decreases with time. At t∗ = 50, cylinder temperature in Case I is already quite

low. In contrast, under the protection of a closed insulation layer in Case II, the

cylinder is still relatively hot. Again the condition in Case III is somehow between

Cases I and II, due to its half insulated surface. The fluid temperature behind the

cylinder, however, appears similar among the three cases, since at this instant the

temperature difference across the surface is relatively small (Case I and the lower

surface in Case III) or the insulation layer (Case II and the upper surface in Case III)

has efficiently depressed the heat flux for a mild temperature difference. In addition

to the asymmetric patterns in Case III, also we notice the hot spot (the area with

highest temperature) inside the cylinder locates slightly near the rear edge of the

cylinder. This is due to the fast heat release to incoming cold fluid at the front surface.
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The average cylinder temperature T̄ has also been calculated and plotted in Fig. 2.13.

The average temperature decays with time in an approximately exponential fashion,

and we thus assume the Newton cooling law. The average heat flux q̄ from an object

can be expressed as the product of the apparent heat transfer coefficient h̄ and the

temperature difference between the object and the surrounding medium:

q̄ = h̄(T̄ − T0) . (2.41)

According to the energy conservation principle, the following differential equation

can be established:

(ρcp)sR
dT̄
dt

= 2h̄(T0 − T̄) , (2.42)

and its solution with the initial condition T̄(t = 0) = Ts is

T̄ = Ts exp(−kt) , (2.43)

where the parameter k = 2h̄/[(ρcp)sR] controls the decaying behavior. The dashed

lines in Fig. 2.13 are best fittings according to this equation. The fitted k values are

0.07933 for Case I, 0.02676 for Case II, and 0.04837 for Case III. Since h̄ ∝ k, we have

the heat transfer coefficient ratio for these three cases as 1:0.34:0.61, which clearly

indicates the surface insulation has reduced the heat lose rate. The number 0.61 for

Case III is slightly lower than the average of Case I (1.0) and Case II (0.33). This

is likely due to the less uniform temperature distribution in Case III: The average

temperature over-represents the effective object temperature in the Newton cooling

law Eq.(2.41).

At last, in Fig. 2.14, we plot the temperature distributions along the flow direction

at three transvers positions: above the cylinder at y = Yc + 30δx (top row), along

the centerline y = Yc (center row), and below the cylinder at y = Yc − 30δx (bottom

row). The gray areas in the center row indicate the solid region inside the cylinder,

and the top and bottom rows are all for fluid temperature, since the cylinder radius
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is R = 20δx. The above discussed cylinder temperature variation and decrease can

be observed more quantitatively in the center row subfigures. We can also see the

large temperature jump across the interface for Case II (red dashed lines).

We now turn our attention to the fluid temperature field around and downstream

from the cylinder in the top and bottom rows. In the early stage of the cooling pro-

cess (left and center columns), the fluid temperature in Case I is higher than that

in Case II, because of the good interface conductance in Case I. The Case III curves

lie between those of Cases I and II, but they are more close Case I in the lower area

(Figs. 2.14 a3 and b3) and more close to Case II in the upper region (Figs. 2.14 a1 and

b1), due to its particular insulation configuration. In the later simulation stage (right

column), we see the fluid temperature in Case II becomes the highest, and that of

Case I is the lowest. This is because at this stage the thermal energy left in the Case

I cylinder is very limited (represented by the low cylinder temperature), while the

Case II cylinder is still relatively hot (Fig. 2.14 c2). As a result, there is less heat re-

leased to fluid in Case I (with a conductive interface but low cylinder temperature)

than in Case II (with a less conductive interface but a high cylinder temperature).

The fluid temperature distribution for Case III at t∗ = 50 exhibits some interesting

features. Considering the surface conductance in Case III is identical to Case II on

the upper half and to Case I on the lower half, we have expected to see the trend

observed in early stage (Case III curves follow Case I below and follow Case II up)

continuing in the later stage. However, this is not what we observe in Fig. 2.14 (c1)

and (c3): It is very close to that of Case I in the upper region (Fig. 2.14 c1), however,

very similar to that of Case II in the lower region (Fig. 2.14 c3). Our quantitative ex-

planation to this less intuitive observation is as follows. Compared to Case I, Case III

has a higher cylinder temperature at this stage but also a higher surface resistance

on the upper half surface. It seems here the higher temperature has balanced the

higher resistance, and as a result, they release similar heat flux on the upper surface,

and the fluid passing the upper surface receives similar heat amount. On the other

hand, for Cases III and II, Case III has a lower cylinder temperature but a better
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surface conductance on the lower surface, and their counter effects on heat flux can-

cel each other approximately. This might be a coincidence from this particular set

of simulation parameters we use here, and a quantitatively description is difficult.

Nevertheless, further investigations and analysis on this phenomenon could be an

interesting topic.

2.4 Summary and Concluding Remarks

We have proposed a conjugate interface method for simulations of convection-diffusion

systems between two materials with the interface discontinuity considered. With

the interfacial scalar values obtained via extrapolations from individual domains,

the original conjugate problem can be solved as two Dirichlet boundary value sys-

tems with an appropriate method. Compared to the other existing method [16], our

counter-extrapolation method is advantageous in terms of the simple and straight-

forward algorithm and robust applicability to any interface-lattice relative orienta-

tion. In addition, in our model the interfacial discontinuity is simultaneously ob-

tained from the interfacial transport flux, which is consistent to the typical treatment

in heat and mass transfer. Validation simulations of steady and unsteady systems

with flat and circular interfaces have been conducted, and the effects of various pa-

rameters (including the interface offset, transport diffusivity, heat capacity ratio, and

interfacial conductance) have been investigated. Numerical stability has also been

examined, and it is found that the method is stable over larger ranges of key sys-

tem parameters, including the heat capacity, thermal conductivity, interface conduc-

tance, and temporal variation frequency. At last, the cooling process of a hot cylin-

der in a cold flow under different surface insulation conditions has been simulated

to demonstrate the potential applications of our model in complex systems.

The discontinuity in interfacial flux has been neglected in this model development

for the less commonality of interfacial chemical reactions. If necessary, the conjugate

interface requirements Eqs.(2.4) and (2.5) have to be rewritten to incorporate the

chemical reaction effects [8, 9, 14, 29, 35], and other equations can be modified cor-

respondingly following the mathematical steps outlined here. The interface shapes
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in this study are either planar or circular, and therefore the local normal direction

is readily available. For general interfaces with arbitrary shapes, one can discretize

the interface into small surface elements and use the normal direction of the sur-

face element as an approximation of the local normal direction. For systems with

large interface areas such as porous media, these local normal directions can be cal-

culated before the simulation iterations. In this work, we have not considered the

spatial motion of the interface in this study for simplicity. When the interface moves

in the domain, a lattice node near the interface may switch its status from an Ω1

node to an Ω2 node, or vice versa. At such a node, the distribution functions for the

flow and temperature (concentration) fields in the new domain do not exist, since

this node has just entered into this domain. One possible technique is to approxi-

mate the missing distribution values at such nodes via extrapolations from existing

neighboring nodes in this domain. This method has been used in a recent study

for the diffusion-convection process of a cylinder moving in a straight channel and

satisfactory results have been observed there [11]. The extrapolation and bilinear in-

terpolation near the interface may also affect the computational efficiency, especially

in parallel computation. However, such cost is inevitable to enhance the flux conti-

nuity and temperature jump across the interface, in our current method as well as

other previous methods [16, 58]. At last, all the model description and simulations

in this chapter are based on the MRT LBM model with the D2Q5 lattice structure;

however, there is no technical difficulty to extend this method to other LBM models

or lattice structures. Moreover, the basic idea of our counter-extrapolation method

can also be used in other computational methods such as the finite-element or finite-

volume methods for heat and mass transfer simulations.
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FIGURE 2.12: Close pictures of the local temperature fields inside and
around the solid cylinder during the cooling processes. The tempera-
ture fields here are displayed using a same color scale for direct com-
parison; and the color scale is set for the range of 0 ∼ 0.40 (i.e., tem-
perature higher than 0.40 will be shown in the same color, which is

dark red here) to show the temperature fields clearly.
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FIGURE 2.13: The changes of the average temperature of the cylin-
der during the cooling process for the three cases studied. The decay
behavior can be approximated as an exponential decay starting from
the initial temperature Ts = 1. The dashed lines are best fittings ac-

cording to the Newton cooling law Eq.(2.43).
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FIGURE 2.14: The temperature distributions along the system center-
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row) the centerline for the three cases studied at the three represen-
tative time instances t∗ = 5 (left column), 20 (center column), and 50
(right column). The grey areas in the center row indicate the solid

region of the cylinder.
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Chapter 3

Inlet And Outlet Treatment of

Periodic Thermal Flow 1

3.1 Introduction

Periodic structures are often encountered in heat exchangers and other heat trans-

fer systems, such as wavy or grooved pipes, fin-pin cold plates, and cross-flow heat

exchangers [26, 30]. When fluid property changes neglected, identical flow field

and similar temperature distributions can be observed in consecutive periodic mod-

ules after some distance from the entrance. The flow is then called fully developed

in both flow and thermal fields [15, 51]. Numerous studies have been conducted

on this topic; among them, existing simulations mainly used traditional numerical

techniques such as the finite-difference and finite-volume methods [1, 2, 15, 47, 59,

51].

Over the past two decades, the lattice Boltzmann method (LBM) has experienced sig-

nificant development. In addition to various flow systems [46, 57, 66, 74, 77], LBM

has also been successfully adopted to study other processes and phenomena, such

as heat and mass transfer and electric and magnetic fields [17, 61, 78]. Unlike other

1The contents in this Chapter had been published in Physical Review E(295: 063309, 2017). Minor
revisions have been made in this Chapter.
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traditional numerical schemes such as the finite-element, finite-difference, and finite-

volume methods, where the governing equations of macroscopic properties are dis-

cretized mathematically, LBM works with a set of density distributions at each lat-

tice node, and the evolution of these density distributions follows a simple collision-

propagation process consecutively. Interestingly, macroscopic equations (such as the

continuity and momentum equations for fluid dynamics, the convection-diffusion

equation for heat and mass transfer, and the Poisson equation for electric fields)

can be correctly recovered from the density distribution dynamics via mathematical

analysis [17, 61]. Studies and applications have shown that LBM has some advan-

tages over other methods in simulating multiphase flows, incorporating complex

boundary geometries and moving boundaries, and implementing for parallel com-

putation.

To simulate thermal flow systems, several approaches have been developed along

with the LBM advances over the past two decades. In general, these methods can be

grouped in three categories: the multispeed approach, the double-distribution ap-

proach, and the hybrid approach [10, 41]. The multispeed approach utilizes one set

of distribution functions for both flow and thermal fields; however, additional lattice

speeds and higher-order velocity terms are introduced to recover the macroscopic

energy equation. While this approach may appears computationally attractive, its

applications are relatively limited due to the severe numerical instability and the

narrow temperature variation range [10]. The hybrid approach uses LBM only for

the flow filed, and the energy equation is solved via some other traditional numeri-

cal schemes (e.g., the finite difference method); therefore the hybrid approach is not

appropriate for our present work, since LBM is not involved in the thermal field so-

lution at all. The double-distribution method employs two sets of distribution func-

tions: one for the flow field and one for the thermal field. The double distribution

method is most often used in thermal flow simulations, since the numerical stability

is significantly improved compared to the multispeed method, and the computa-

tional implement is more convenient than the hybrid approach. For these concerns,
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we use the double-distribution approach in our next method description and simu-

lation demonstration. More details on these thermal LBM models can be found in

several review articles and books and references therein [17, 41, 61, 78].

As with other numerical methods, appropriate boundary conditions are crucial for

accurate and meaningful LBM simulations. At lattice nodes near the boundary, there

are no density distributions entering the simulation domain after the propagation

step, and therefore appropriate treatments must be implemented to assign values to

such unknown density distributions such that the macroscopic boundary require-

ments are satisfied. Typically, macroscopic constraints on boundaries are available

before simulations, such as the no-slip boundary condition on wall surfaces, the

pressure values at the inlet and outlet, and the wall temperature or heat flux in

thermal systems. Tremendous efforts have been devoted to develop accurate and

efficient boundary schemes for flow and thermal situations [17, 41, 61, 78]. How-

ever, for the periodic thermal flow discussed in this chapter, the exact velocity and

temperature values at the module inlet and outlet cannot be specified, and those

LBM boundary methods cannot be used. Fortunately, the particulate nature of LBM

density distributions provides great convenience for applying periodic and sym-

metric (including the free-slip boundary condition in fluid flows and the adiabatic

boundary condition in heat transfer) boundary conditions along a lattice grid line,

which can be accomplished by simply recycling or reflecting the density distributions

that cross the domain boundaries [61, 78]. Both periodic and symmetric boundary

treatments have been frequently used in LBM flow simulations [21, 61, 80, 81, 82];

however, this technical merit has not been recognized for LBM simulations of heat

transfer processes in periodic incompressible flows yet.

In this chapter, we extend the pressure periodic boundary method by Zhang and

Kwok [81] to fully-developed periodic incompressible thermal flows with constant

wall temperature (CWT) or surface heat flux (SHF) boundaries. The similarity fea-

tures of temperature field in periodic modules in such systems are first discussed;

and then the double-distribution LBM method for heat transfer is briefly outlined for
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FIGURE 3.1: Schematic illustration of the periodic flow passage. The
vertical dashed lines are plotted to divide the flow passage into in-
dividual periodic modules. The coordinate system is set with the x
direction in the flow direction and the y direction in the transverse

direction.

readers′ convenience. Two different numerical approaches, the distribution modifi-

cation (DM) and the source term (ST) approaches, are developed to incorporate these

similarity features in LBM simulations. At last, several validation and demonstra-

tion simulations are performed to illustrate the correctness, accuracy, and usefulness

of our proposed methods in LBM simulations of periodic incompressible thermal

flows.

3.2 Theory and Methods

In this section we first describe in detail the periodic features of flow and temper-

ature in fully developed periodic incompressible flows for both the CWT and SHF

conditions. An outline of the LBM algorithm is included in Appendix A. Such in-

formation is well documented in the literature; and we re-present these materials

here for the completeness of this chapter and for the convenience of the following

discussions of our new periodic boundary treatments.

3.2.1 Fully Developed Periodic Thermal Flows

Consider the two-dimensional (2D) system illustrated in Fig. 3.1 as a general exam-

ple of the fully developed periodic flows driven under a pressure gradient. The flow
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and temperature fields are governed by the following continuity (Eq. 3.1), momen-

tum (Eq. 3.2), and energy (Eq. 3.3) equations:

∂ρ
∂t + ρ∇ · u = 0 , (3.1)

∂u
∂t +∇ · (uu) = −∇P

ρ + ν∇2u , (3.2)

∂T
∂t + u · ∇T = α∇2T , (3.3)

where u is the flow velocity, P is the pressure, T is the temperature, ρ is the fluid

density, ν is the kinematic fluid viscosity, α is the fluid thermal diffusivity, and t is

time. Here we have neglected the viscous dissipation term in the energy equation

as in typically heat transfer research. When the flow is fully developed along the

periodic passage, the velocity u becomes identical at locations of the same relative

position in each periodic module (we will call them image locations hereafter) [51,

59], i.e.,

u(x±mL, y) = u(x, y) , (3.4)

where L is the streamwise length of the periodic unit and m is a natural number. The

fluid pressure keeps decreasing along the flow direction; however, the following

relationship exists among image locations:

P(x±mL, y) = P(x, y)∓m∆PL , (3.5)

and the pressure drop over each periodic unit ∆PL remains constant. It is easy to

verify that u(x ± mL, y) and P(x ± mL, y) are still valid solutions of the continu-

ity and momentum equations Eqs. (3.1) and (3.2), since the identical velocity and

shifted pressure cause no change to any terms in these governing differential equa-

tions. Meanwhile, the noslip boundary condition, if satisfied in one unit, will also

be satisfied in all other units. To obtain an exact periodic boundary condition for

pressure like Eq. (3.4) for velocity, Patankar et al. [51] split the fluid pressure P into

two components: a global pressure term −∆PLx/L and a local reduced pressure P̃:

P(x, y) = −∆PL

L
x + P̃(x, y) . (3.6)



Chapter 3. Inlet And Outlet Treatment of Periodic Thermal Flow 44

After this modification, the momentum equation Eq. (3.2) is rewritten to

∂u
∂t

+∇ · (uu) = −∇P̃
ρ

+ ν∇2u +
∆PL

ρL
, (3.7)

and Eq. (3.5) now changes to a perfect periodic boundary condition:

P̃(x±mL, y) = P̃(x, y) . (3.8)

As for the temperature field, the periodic features depend on the boundary condi-

tions imposed on the walls. For fully developed periodic thermal flows to be estab-

lished, the solid surfaces must have a uniform, constant wall temperature (CWT) Tw,

or they can have specified surface heat flux (SHF). For the latter situation, the heat

flux could be uniform or varying over the surface within one module, but it must

have the same distribution for all units. For the CWT systems, usually we first shift

the temperature field by the wall temperature Tw to a reduced temperature θ

θ(x, y) = T(x, y)− Tw , (3.9)

and the energy equation Eq. (3.3) becomes

∂θ

∂t
+ u · ∇θ = α∇2θ ; (3.10)

with the wall boundary condition for θ as θ(Ω) = 0 (here Ω denotes the wall sur-

face). The periofic relationship for θ among modules is expressed as

θ(x±mL, y) = e−λL(±mL)θ(x, y) , (3.11)

where λL is the decaying rate that describes the overall temperature variation in

the streamwise direction [59]. Similar to the flow velocity and pressure discussed

above, one can see that, if θ(x, y) is a valid solution in one unit, θ(x ± mL, y) from

the above equation will automatically satisfy the energy equation Eq. (3.10) in other
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units. Stalio and Piller [59] then introduced a normalized temperature θ̄(x, y) as

θ̄(x, y) =
θ(x, y)
e−λLx =

T(x, y)− Tw

e−λLx . (3.12)

As a result, the energy equation for θ̄ is

∂θ̄

∂t
+ u · ∇θ̄ = α∇2θ̄ + (αλ2

L + λLux)θ̄ − 2αλL
∂θ̄

∂x
(3.13)

with an exact periodic boundary condition

θ̄(x±mL, y) = θ̄(x, y) . (3.14)

In Eq. (3.13), ux represents the x component of the flow velocity vector u.

To determine the decaying rate λL, Stalio and Piller [59] integrated the energy equa-

tion Eq. (3.13) and obtained λL as the root of a quadratic equation. Here we propose

another simpler approach to find λL by considering the energy conservation over

a periodic module. Taking the fluid volume in a periodic unit as the control vol-

ume, there are five streams of heat fluxes crossing the control volume boundaries

(including the walls and the inlet and outlet of the periodic unit):

• Heat flux entering the control volume with flow at the inlet: ρc
∫

in ux, inθindy;

• Heat flux leaving the control volume with flow at the outlet: ρc
∫

out ux, outθoutdy;

• Streamwise diffusion flux leaving the control volume at the inlet: κ
∫

in

(
∂θ
∂x

)
in

dy;

• Streamwise diffusion flux entering the control volume at the outlet: κ
∫

out

(
∂θ
∂x

)
out

dy;

• Heat flux leaving the control volume over the wall surface Ω: κ
∫

Ω

(
∂θ
∂n

)
Ω

ds.

According to the energy conservation principle, for a steady system we have:

ρc
∫

in
ux, inθindy − ρc

∫
out

ux, outθoutdy− κ
∫

in

(
∂θ

∂x

)
in

dy

+ κ
∫

out

(
∂θ

∂x

)
out

dy− κ
∫

Ω

(
∂θ

∂n

)
Ω

ds = 0 . (3.15)



Chapter 3. Inlet And Outlet Treatment of Periodic Thermal Flow 46

Here we use the subscripts in and out to indicate the inlet and outlet locations, and

n for the local normal direction on the wall surface. c is the heat capacity and κ is the

thermal conductivity of the fluid. Now applying the periodic relationships in Eqs.

(3.4) for velocity u and (3.11) for T, the decaying rate λL can be solved as

λL = − 1
L

ln

1−
α
∫

Ω

(
∂θ
∂n

)
ds∫

in

(
uxθ + α ∂θ

∂x

)
in

dy

 . (3.16)

Compared to the calculation method in Ref. [59], our method does not require volu-

metric integration over the entire simulation domain, which could be computational

expensive especially in three-dimensional simulations.

Now we turn our attention to the SHF systems. In this situation, the periodic rela-

tionship for temperature is given as

T(x±mL, y) = T(x, y)±m∆TL , (3.17)

which is similar to that for the normal fluid pressure P in Eq. (3.5). Here ∆TL is the

temperature change over a periodic unit and it is constant along the flow. Accord-

ingly, Patankar et al. [51] defined a reduced temperature T̃ as

T̃(x, y) = T(x, y)− ∆TL

L
x (3.18)

to achieve a perfect periodic boundary condition for T̃:

T̃(x±mL, y) = T̃(x, y) ; (3.19)

and the energy equation should be rewritten correspondingly to

∂T̃
∂t

+ u · ∇T̃ = α∇2T̃ − ux∆TL

L
. (3.20)
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The temperature change ∆TL can be relatively easily found from the energy conser-

vation principle:

∆TL =

∫
Ω qds

ρc
∫

in ux,indy
, (3.21)

i.e., the temperature change equals the total thermal energy addition via the surface

divided by the product of flow rate and volumetric heat capacity (ρc). Here q is the

local heat flux entering the fluid domain via the boundary walls.

3.2.2 Simulating Periodic Thermal Flows with LBM

In LBM, governing equations are solved by means of density distributions, which

undergo consecutive propagation and collision processes over a lattice grid. In the

work, we use the double-distribution thermal LBM scheme for method descrip-

tions and simulation demonstration. The D2Q9 (two-dimensional and of nine lattice

velocities) lattice structure and the single-relaxation Bhatnagar-Gross-Krook (BGK)

model are used for both flow and thermal fields. Please refer to Appendix A for

details.

For Flow Field

Under a given pressure drop ∆PL per periodic module, it is convenient to use the

reduced pressure P̃ defined in Eq. (3.6), and the LBM equations for fi given in

Appendix A can then be used F = (∆PL/ρL, 0)T. The classical periodic bound-

ary condition [78] can then be applied at the periodic boundaries, meaning density

distributions leaving the domain outlet will re-enter the domain at the inlet, or vice

versa. This method has been widely used in LBM simulations, although more dedi-

cate treatments are available to impose the pressure drop directly for some particu-

lar situations like multiphase or multicomponent flows [81]. To simulate a periodic

flow with a specific flow rate, the pressure drop ∆PL can be dynamically adjusted

according to the simultaneous flow rate till the desirable value is established.
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FlowFlow

(a) After Collision (b) After Propagation

1 23

xin xout x+

in
x−

out xin xout x+

in
x−

out

FIGURE 3.2: Schematic illustrations of the modified periodic bound-
ary treatment for thermal field. The inlet nodes are displayed as
squares and the outlet nodes are shown as circles, with the color
changing from black to white along the flow direction. The num-
bered arrows are used to show how a density distribution leaving the
outlet can be adopted to specify the incoming distribution at the inlet.

Please refer the text for detailed method description.

For Thermal Field: The Source Term (ST) Approach

Similarly, by tuning the source term δhi according to Eq. (A.13), the LBM algorithm

for hi in Appendix A can be used to solve Eq. (3.13) for CWT systems

δhi = ωi

[
(αλ2

L + λLux)θ̄ − 2αλL
∂θ̄

∂x

]
(3.22)

for energy scalar A = θ̄; or to solve Eq. (3.20) for SHF cases with

δhi = ωi

[
−ux∆TL

L

]
(3.23)

for energy scalar A = T̃. The temperature change ∆TL for SHF cases can be readily

calculated from the total heat flux over surface via Eq. (3.21); however, for CWT

systems, the decaying rate λL is unknown before the simulation. In our practice, we

start with an initial guess and run the simulation for some time (2000 time steps in

our simulations) with that initial value. After that, a new λL value is calculated via

Eq. (3.16) every certain time steps (we use 20 time steps), till the simulation becomes

steady in flow and temperature fields. The differential term ∂θ̄/∂x in Eq. (3.13) can

be estimated by a finite difference approximation.
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For Thermal Field: The Distribution Modification (DM) Approach

Another way to incorporate the periodic features of the temperature field described

in Sect. 3.2.1 is to modify those density distributions hi that cross the module inlet

or outlet boundaries, as done in Ref. [81] for pressure periodic boundary conditions.

We consider the CWT situation in the periodic system shown in Fig. 3.1, and en-

large one module in Fig. 3.2 with the first column of lattice nodes at xin (dark gray

squares) and the last column at xout (light gray circles). Also displayed there are the

outlet nodes of the upstream module at x−out = xin− δx = xout− L (black circles) and

the inlet nodes of the downstream module at x+in = xin + L = xout + δx as (white

squares); although these nodes are actually not involved in the LBM calculation. To

avoid the extra source term in Eq. (3.13), we will use LBM to solve the energy equa-

tion Eq. (3.10) for θ. Now let us take the post-collision distribution h∗1(xout) at xout

(Arrow 1 in Fig. 3.2a) as an example. In the propagation step, h∗1(xout) is supposed to

move to the next node in velocity c1 = (1, 0)T, and becomes the incoming distribu-

tion at the inlet node of the downstream module x+in (Arrow 2 in Fig. 3.2b). However,

now it is out of our simulation domain and therefore cannot participate in the LBM

calculation anymore. On the other side, we need the incoming distribution h1(xin)

at the domain inlet xin (Arrow 3 in Fig. 3.2b), but it is not available since the nodes at

the x−out are not in the simulation domain either. Based on the periodic relationship

of temperature given in Eq. (3.11) and θ = ∑i hi (Eq. A.3 with A = θ), it is reason-

able to assume the proportionality in θ can be extended to each distribution hi, and

therefore one has

h1(xin, t + δt) = eλL Lh1(x+in, t + δt) = eλL Lh∗1(xout, t) . (3.24)

This analysis can be extended to other lattice distributions that cross the periodic

boundaries during the propagation step, and a modified periodic boundary treat-

ment for these distributions can be established as (for the D2Q9 lattice model used
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here)

hi(xin, yin, t + δt) = eλL Lh∗i (xout, yout, t) , yin = yout + ci,yδt, i = 1, 5, 8 ;(3.25)

hi(xout, yout, t + δt) = e−λL Lh∗i (xin, yin, t) , yout = yin + ci,yδt, i = 3, 6, 7 .(3.26)

Here ci,y is the y−component of the lattice velocity ci.

This distribution modification (DM) approach is also applicable to the SFH cases.

Here we work with the original energy equation Eq. (3.3) and re-write the periodic

relationship for the regular temperature T Eq. (3.17) to define a proportional factor

β as

β =
T(x+in)
T(xin)

= 1 +
∆TL

T(xin)
; (3.27)

and, following the above discussion, the modified periodic boundary condition for

hi in SHF systems is

hi(xin, yin, t + δt) = β−1h∗i (xout, yout, t) , yin = yout + ci,yδt, i = 1, 5, 8 ;(3.28)

hi(xout, yout, t + δt) = βh∗i (xin, yin, t) , yout = yin + ci,yδt, i = 3, 6, 7 . (3.29)

Note these modified periodic treatments revert back to the classical periodic bound-

ary condition in LBM when the proportional factor e−λL or β is set to 1.

3.3 Validation and Demonstration Simulations

In this section, we apply the periodic treatments described above to simulate the

flow and temperature fields in several simple, however representative and carefully

designed periodic systems, including flows through a flat channel, a wavy channel,

and a square array of circular cylinders. Both CWT and SHF boundary conditions

are considered, and results are compared with available analytical solutions, previ-

ous publications, or our own LBM results using different simulation techniques (DM

vs. ST approaches and one-module vs. two-module domain simulations).
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FIGURE 3.3: The simulated temperature field (a) and transverse pro-
files (b) for flow through the flat channel with CWT condition on the
channel surfaces. In (b) the symbols are our LBM results and the un-

derlying curves are from the analytical solution in Appendix B.

3.3.1 Heat Transfer of Laminar Flow through 2D Flat Channel

The fully developed flow in a uniform pipe or channel can be considered as an ex-

treme example of periodic flows, for which the periodic module can be selected as

a segment of the channel of any finite length. Here our simulation domain is a 2D

rectangle of length L = 100 and height H = 50 (Both L and H, as well as other LBM

parameters to be given in this section, are all non-dimensional values). The mid-

point boundary method recently developed by Zhang and co-workers [10, 11, 75] is

implemented at the solid-fluid boundaries for both flow and thermal LBM calcula-

tions for all simulations in this chapter. The Reynolds number Re = U0H/ν is 40,

with the mean flow velocity U0 defined as

U0 =
1
H

∫ H

0
uxdy (3.30)

The Prandlt number Pr = ν/α is 0.7. The CWT situation is considered here and

wall temperature Tw is set as 0; thus the regular temperature T and the reduced tem-

perature θ are the same. During the simulation, the mean flow temperature at the

domain inlet T0 = Tm(x = 0) is maintained at 1. Brown [6] had developed an ana-

lytical solution in polynomial series for thermal flows between parallel plates with

constant temperature, however, with the axial diffusion neglected. In Appendix B,

we extend the Brown solution to include the axial diffusion effect. Fig. 3.3 shows

the comparison between our LBM results using the DM periodic boundary method
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FIGURE 3.4: The relative errors E2 (a) and ENu (b) for flows through
CWT flat channels with different channel height H. The straight lines
are liner fittings of the LBM data points (symbols) in the log-log plots,

and the line slopes are displayed in the figure labels.

and those from our analytical solution (see Appendix B) for the temperature field.

No visible discrepancy can be observed. According to our analytical solution the

Nusselt number along the channel is constant at 3.7723; while our LBM yields a

range of 3.7736±0.0065 (mean±SD) along the channel. The relative difference is

only −0.14 ∼ 0.21%. This small difference could be from several sources, including

the basic LBM algorithm [17, 39, 61], the simple force term treatment in Eq. (A.12)

[41], the finite-difference approximations involved in our calculation, as well as the

boundary methods [50]. Further investigations for the individual contributions from

different aspects (and they are very likely inter-coupled) is out of the scope of this

chapter.

For a more quantitative assessment of the numerical accuracy, we simulate the above

system using different channel height H with the length-height ratio constant at

L/H = 2. The global relative error E2 is defined as

E2 =

[
∑(TLBM − Tth)

2

∑ T2
th

]1/2

, (3.31)

where both summations are carried out over all lattice nodes in the simulated do-

main. The subscripts LBM and th are used to indicate, respectively, the LBM calcu-

lated temperature values and theoretical values from the analytical solution given in

Appendix B. In addition, the local Nusselt number for this system can be calculated
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from the temperature filed by

Nu(x) =
(∂T/∂n)y=0H

Tm(x)− Tw
, (3.32)

where Tm is the local mean flow temperature

Tm(x) =

∫ H
0 ux(x, y)T(x, y)dy∫ H

0 ux(x, y)dy
. (3.33)

The relative error with respect to this theoretical Nusselt number Nu th has also be

defined as

ENu =

[
∑(Nu LBM − Nu th)

2

∑ Nu 2
th

]1/2

. (3.34)

Here the summations are performed along the two boundary walls, and Nuth =

3.7723 from our analytical solution. These relative errors at different channel height

H are plotted in Fig. 3.4 in the log-log scale. Clearly the relative errors decrease with

the channel height H, and the declining slopes in the log-log graphs are approxi-

mately 2, which is similar to previous observations of other LBM models [17, 41].

3.3.2 Heat Transfer of Laminar Flow through 2D Wavy Channel

The flow and heat transfer through wavy channels have been extensively investi-

gated for its practical applications [2, 47, 54, 59, 65]. Here we consider the same

geometry as in these studies, and model the symmetric wavy wall shape by

H(x) = Havg − 2a cos
(

2πx
L

)
, (3.35)

where H(x) is the local channel width, Havg is the average channel width over a

periodic unit, and a is the wavy amplitude. The maximum channel width Hmax =

Havg + 2a occurs at the middle x = L/2 and the minimum width Hmin = Havg − 2a

occurs at the inlet x = 0 and outlet x = L. Following those previous studies, we

use Havg/L = 13/28 and a/L = 1/8. The computational domain length here is

L = 240. As in the flat channel simulation, we have Tw=0, T0=1, and Pr=0.7; and the
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FIGURE 3.5: The simulated flow (a and a′) and temperature (b and
b′) fields and transverse velocity and temperature profiles (c and c′

for the streamwise velocity; and d and d′ for the temperature) at two
locations x = 0 and x = L/2 for the flows through a wavy channel

with Reynolds number Re = 25 (a-d) and Re = 100 (a′-d′).

DM method is used to incorporate the boundary periodicity. The Reynolds number

is defined as Re = U0Havg/ν [2, 54], and two values, Re = 25 and 100, are tested in

our simulations.

Fig. 3.5 collects our LBM results of these two calculations, including the flow stream-

lines, the isotherms, and the spanwise profiles of streamwise velocity ux and tem-

perature T at the maximum and minimum width locations. The streamline and

isotherm patterns are very similar to those reported in previous studies [2, 54]; how-

ever, a direct comparison is difficult due to the lack of original data for those publica-

tions and analytical solutions of this system. At Re = 100, a pair of circulation vortex

have developed in the wide section, and the separation and reattachment locations

are similar to those in Ref. [2]. In Fig. 3.6, we also plot the distribution profiles of the
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FIGURE 3.6: Distributions of the normalized wall vortex ζw and local
Nusselt number Nu along the channel wall.

normalized wall vorticity ζw [65]

ζw =
1
2

ReC f

(
Hmax

Havg

)2

=
1
2

Re
τw

ρU2
0 /2

(
Hmax

Havg

)2

(3.36)

and the local Nusselt number Nu. Here C f is the local frictional coefficient and τw

is the wall shear stress. These distribution profiles are very similar to those reported

in Ref. [65], both in the variation trend and magnitude. More quantitatively, we

manually measure the velocity values uc
x at the domain center (L/2, yc) (yc is the

y-location of the channel centerline) from figures in Refs. [2, 54], and compare them

to ours in Table 3.1. In addition, we have also calculated the friction factor f

f =
∆PL

ρU2
0 /2

Havg

L
(3.37)

and average Nusselt number < Nu > for a periodic module [2, 47]

< Nu >=
[Tm(0)− Tm(L)]

∫
in uxdy

LMTD
Havg

α
, (3.38)

where LMTD is the log-mean temperature difference in the module

LMTD =
Tm(0)− Tm(L)

ln[Tm(L)/Tm(0)]
. (3.39)

These values are also listed in Table 3.1 in comparisons with those from previous
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FIGURE 3.7: Result comparison of the simulations for the cooling pro-
cess of flow around cylinder with one or two modules included in the
simulation domain. In (a) for the temperature field, the color patches
are from the two-module simulation, and the isotherm lines are from
the one-module simulation. The temperature profiles at x/L = 0,
3/8, 1, and 11/8 (indicated by labels) are displayed in (b), with the
symbols from the one-module calculation and curves from the two-

module calculation.

studies. It can be seen there that our results, including the domain center velocity,

friction factor, and average Nusselt number, all agree well to previous publications.

As discussed in Ref. [54], the discrepancy among these studies might be due to the

different numerical methods employed.

3.3.3 Heat Transfer in Flow through Square Cylinder Array

The last system we simulate represents the heat transfer process associated to lam-

inar flow through a square array of circular cylinders, which resembles the interior

configuration of a cross-flow tube heat exchanger [26, 30]. The periodic module here

is a square with L = H = 160, and the cylinder has a diameter of D = 40 and its

center locates at (3L/8, L/2). The flow direction is from the left to the right in the x-

direction, and the regular periodic boundary condition is applied along the top and

bottom edges. The Reynolds number Re = U0H/ν = 2.4 and the Prandlt number

Pr = 1.

For a fully developed periodic incompressible flow, if the periodic relationships

are physically correct and they have been accurately implemented in a numerical

model, using one or two or even multiple periodic modules as the simulation do-

main should generate the same results. To confirm this statement, we perform two
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FIGURE 3.8: Distributions of temperature difference in the left L× L
domain between the one-module and two-module simulations (a),
and that between the left (x ∈ [0, L]) and right (x ∈ [L, 2L]) half do-
main from the two-module simulation (b). In (b) the temperature in
the right half domain has been scaled up by a factor of eλL L for direct
comparison. Panel (c) shows the temperature difference from panels

(a) and (b) at two representative x locations.

separate simulations for the above described cylinder array system: the first one in-

cludes one module with a square simulation domain of L× L, and the second one

includes two modules with a rectangular domain of 2L× L and it has two cylinders:

one at (3/8L, L/2) and another at (11/8L, L/2). The cylinder surface temperature

Tw = 0 and inflow average temperature T0=1. No analytical solutions is available

for this system. Comparison of these two sets of results is displayed in Fig. 3.7.

Please note that in Fig. 3.7a for the temperature field, the color patches are from the

two-module simulation while the isotherm lines are from the one-module calcula-

tion. Clearly they agree to each other excellently and the isotherm lines follow the

color patch edges exactly. More quantitatively, in Fig. 3.7b, we plot the temperature

profiles at several representative streamwise locations, and we see those at x/L = 0

and 3/8 from the two simulations match each other perfectly. The difference in tem-

perature in the first module from these two calculations is of the order 10−6 ∼ 10−5.

We also plot the temperature profiles at corresponding locations in the second mod-

ule (i.e., x/L = 1 and 11/8) from the two-module simulation, and we can clearly

see the proportional similarity in variation as expressed in Eq. (3.11). Actually the

profiles at x/L = 1 and 11/8 scaled up by eλL L (λL = 3.885233 × 10−3 from the

one-module simulation and λL = 3.885264× 10−3 from the two-module simulation;

they are almost identical) are also plotted in the figure; however they are visually

indistinguishable from the profiles at x/L = 0 and 3/8.

A more direct comparison of the temperature fields from these two simulations is
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presented in Fig. 3.8. The magnitude of temperature difference, from the two dif-

ferent simulations, or between the left and right sections of the same two-module

simulation, is of the order of 10−6 ∼ 10−5. With the inlet mean temperature of 1

in these simulations, this difference can be considered as the relative errors as well.

The patterns in Figs. 3.8a and b appear interesting; however, it is difficult for the

authors to explore the underlying mechanisms due the system complexity. With this

comparison, it is further confirmed that the periodic features have been correctly

and accurately implemented in our method and program.

So far all our simulations are for the CWT boundary condition and only the DM

approach has been used. At last, we test the SHF boundary condition and the ST ap-

proach using the same cylinder array geometry. Four individual simulations are con-

ducted: CWT+DM (the same one-module simulation described above), CWT+ST,

SHF+DM, and SHF+ST. To impose a desirable heat flux (i.e., normal temperature

gradient) on the surface, the Neumann boundary method developed by Oulaid et

al. [49] is employed. With the inlet mean temperature T0 = 1 and wall temperature

Tw = 0, the CWT case represents a cooling process. On the other hand, for SHF case,

we use a uniform surface flux with ∂T/∂n = −0.01 for the cylinder surface and it

therefore is a heating process. Results from these simulations, including the tem-

perature field in the domain and two representative transverse temperature profiles,

are collected in Fig. 3.9. The cooling or heating effect from the cylinder is clearly

indicated by the isotherms in Figs. 3.9 a and a′, respectively. It is interesting to see

that, in Fig. 3.9a′ for the SHF boundary situation, the temperature increases along

the centerline near the outlet. This is understandable since the outlet is close to the

heating source (the cylinder) in the next module, and for this diffusion-dominant

system (Peclet number Pe = RePr = 2.4), the heating flux from the next cylinder can

reach a relatively long distance even against the flow direction. As for the results

from the DM or ST approaches for both CWT and SHF boundary conditions, one

can see again excellent agreement exists in Fig. 3.9, and no apparent difference can

be spotted. The decaying rate λL value is 3.88554×10−3 from the DM approach, and

3.88533×10−3 from the ST approach. Such a nearly perfect match indicates that both
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the DM and ST approaches can produce reliable results for simulating developed

periodic thermal flows.

A similar comparison is performed in Fig. 3.10, which displays the distributions

over the simulation domain between the ST and DM simulations with CWT (a and

b) and SHF (a′ and b′) wall conditions. Again the difference magnitude is relatively

small (10−6 ∼ 10−5, suggesting that both the DM and ST methods can be utilized to

simulate incompressible periodic thermal flows. The temperature difference seems

to vary more smoothly in space for the CWT system than the SHF system; however,

the detailed mechanism responsible for this observation is out of the capacity of the

authors.

3.4 Summary and Concluding Remarks

We have examined the periodic relationships in flow and temperature fields for fully

developed periodic incompressible thermal flows with CWT and SHF boundary

conditions, and proposed two LBM implementations (the ST and DM approaches)

for such flow situations. The methods have then been tested carefully in several sim-

ulations by comparing our LBM results to those from analytical solutions, previous

publications, and our own LBM simulations using different numerical techniques.

The good performance suggests that our methods could be useful for future LBM

thermal simulations.

Since the purpose of this chapter is to propose these LBM methods for periodic ther-

mal flows, we have limited our formulations and demonstrations to 2D, laminar,

and steady flow situations. Extending these methods to other LBM models (other

lattice structures, three-dimensional, multiple-relaxation-time models, or even tur-

bulent LBM models) should be relatively straightforward. Other alternative thermal

LBM models [61, 17, 41] can also be adopted to solve the thermal field. In addition,

although the systems considered in this chapter are relatively simple, more complex

geometric shapes and boundary conditions (for example, different heat flux magni-

tudes at different wall locations) can be readily simulated by our methods. For more
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realistic situations such as unsteady and turbulent periodic thermal flows, some nu-

merical strategies [15, 59, 55] used in previous computational fluid dynamics (CFD)

studies can be considered.

For the two numerical schemes to implement the periodic features of temperature in

LBM, the ST approach has been typically used in traditional CFD studies, and cer-

tainly can also be adopted in LBM. On the other hand, the DM approach is unique for

LBM with some computational advantages. In the DM method, extra calculations

are only required for the thermal distributions crossing the periodic inlet/outlet

boundaries; but in the ST method, an extra term has to be calculated for all dis-

tributions and at all lattice nodes. Furthermore, for systems with CWT boundaries,

the ST approach also needs to calculate the streamwise derivative of temperature

(∂θ̄/∂x in Eq. 3.13), and this could further increase the computational demand. The

method in Eq. (3.16) to calculate the decaying rate λL does not requires a volumetric

integration of temperature over the entire computational domain, and thus it could

also be useful for improving the computational efficiency for other CFD methods.
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FIGURE 3.9: Result comparison of the simulations for the thermal
flows around cylinder using the DM or ST approaches for the CWT
(a and b) and SHF (a′ and b′) wall conditions. In the temperature
fields (a and a′), the color patches are from the DM approach, and the
isotherm lines are from the ST approach. The temperature profiles
at x/L = 0 and 3/8 (indicated by labels) are displayed in (b) and
(b′), with the symbols from the DM approach and curves from the ST

approach.



Chapter 3. Inlet And Outlet Treatment of Periodic Thermal Flow 62

FIGURE 3.10: Distributions of temperature difference between simu-
lations using the ST and DM approaches for the CWT (a and b) and
SHF (a′ and b′) wall conditions. The temperature difference from pan-
els (a) and (a′) at two representative locations x/L = 0 (black solid

line) and 3/8 (blue dashed line) are shown in (c).
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Chapter 4

Rectangular LBM For Anisotropic

Flows 1

4.1 Introduction

In many natural and engineering situations, fluid flows may exhibit nonuniform,

inhomogeneous, and anisotropic features. One obvious example could be the flows

through isotropic porous media with different permeability coefficients in different

directions [31]. Flows in rectangular or elliptical channels with relatively large as-

pect ratios have a much abrupt variation in velocity in the narrower transverse di-

rection than in the wider transverse direction. Also, for flows through channels with

varying cross-sections, the cross-section variation may occur over a distance much

longer than the cross-section dimensions, and thus the flow field experiences large

gradients in the cross-sectional plane and small gradients in the streamwise direc-

tion. To simulate such flow systems, classical numerical methods, such as the finite-

difference and finite-volume methods, typically adopt nonuniform meshes with a

finer spatial resolution in the large velocity gradient direction to balance the sim-

ulation accuracy and efficiency [64]. However, for the lattice Boltzmann method

(LBM), the flow anisotropy poses a challenge, since the general LBM requires an

isotropic lattice structure and a uniform lattice gird [72]. To achieve a good accuracy

1The contents in this Chapter had been published in International Journal of Modern Physics C (30:
1941001, 2019). Minor revisions have been made in this Chapter.
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in representing the velocity variation in the large gradient direction, finer meshes

are required in all directions although it might not be necessary.

To address this disadvantage in LBM, several attempts have been reported in the

literature for rectangular or cuboid lattice structures. He et al. [23] proposed an

interpolation scheme, where the regular LBM collision and propagation steps were

performed on a nonuniform mesh grid. The post-propagation distributions at the

nonuniform grid points were obtained by interpolations. Bouzidi et al. [5] modified

the transformation matrix and equilibrium distribution functions of the multiple-

relaxation-time (MRT) LBM method for two-dimensional (2D) rectangular lattice

grids. Several coupling parameters were also introduced in the equilibrium func-

tions and their values were determined from the stability analysis of the linearized

dispersion equation. On the other hand, Zhou [84, 85] modified the equilibrium

distribution functions and added extra forcing terms to the lattice Boltzmann equa-

tion so that the Navier-Stokes equation can be recovered from the Chapman-Enskog

analysis. Another interesting approach was proposed by Hegele et al. [24], where

extra lattice velocities were added and the lattice weight coefficients were also ad-

justed. Zong et al. [86] pointed out that the methods by Bouzidi et al. [5] and Zhou

[84, 85] were not fully consistent to the Navier-Stokes equation, and a new MRT

scheme for rectangular lattice grids was developed by introducing a more flexible

coupling between the energy and normal stress moments. Peng et al. [53] then gen-

eralized Zong et al.’s method by incorporating stress components in the equilibrium

moments to offset the anisotropy in the stress tensor for a rectangular lattice; and

this method was also extended to three-dimensional (3D) situations by Wand et al.

[67]. In general, relatively complicated mathematical formulations are involved in

these rectangular or cuboid lattice models.

In this chapter, we propose an alternative approach for such systems. Different from

previous methods discussed above which focused on modifications of the LBM al-

gorithm and lattice structures, we first perform an appropriate coordinate and ve-

locity transform on the system to be simulated to reduce or remove the physical

anisotropy, and then the general LBM algorithms with regular isotropic lattice grids
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x

y

x′

y′

(a) Original Anisotropic System

(b) Transformed Isotropic System

FIGURE 4.1: Schematic illustration of (a) an anisotropic flow system
and (b) the transformed system with an approximate spatial isotropy.

can be applied to solve the transformed Navier-Stokes equations. The rest of the

chapter is organized as follows: In Sect. 4.2, we introduce the key idea of the coor-

dinate and velocity transform and derive the transformed governing equations that

can be solved by general LBM methods. In Sect. 4.3, we investigate the performance

of our method by simulating several model systems, including the straight channel

flow, the Taylor-Green vortex, the wavy channel flow, and the flow through an array

of elliptical particles. In particular, concerns on the numerical stability and accu-

racy are discussed and possible remedies are proposed in Sect. 4.3.5. At the end,

summary and concluding remarks are presented in Sect. 4.4.

4.2 Coordinate and Velocity Transform to Reduce System Anisotropy

We take the system illustrated in Fig. 4.1a as an example of anisotropic flow systems.

Due to particular solid object shape and packing configuration, the flow through this

structure is highly anisotropic. In order to simulate this anisotropic flow accurately

with general LBM methods, a fine, uniform grid mesh is necessary, although the

flow velocity variation in the x direction is relatively gentle. To reduce or remove

the spatial anisotropy, we would transform the system coordinates (x, y) as well as

flow properties, (u, v) for the flow velocity and P for the pressure, to a new system

via:

x′ = x/ax , y′ = y/ay ; u′ = u/ax , v′ = v/ay ; P′ = P . (4.1)
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Here we use the superscript ′ to denote the properties for the transformed system.

The parameters ax and ay are the scaling coefficients in the x and y directions, re-

spectively; and their values can be adjusted to achieve a more isotropic system after

the transform. For example, using ax = 1 and ay = 0.5, the system in Fig. 4.1a is con-

verted to that in Fig. 4.1b with the y direction being extended, and the new system

is approximately isotropic in x and y directions. Associated with this transform, the

governing continuity and Navier-Stokes equations for the original physical system

∂u
∂x

+
∂v
∂y

= 0 (4.2)

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

= −∂P
∂x

+ ν
∂2u
∂x2 + ν

∂2u
∂y2 + gx (4.3)

∂v
∂t

+ u
∂v
∂x

+ v
∂v
∂y

= −∂P
∂y

+ ν
∂2v
∂x2 + ν

∂2v
∂y2 + gy (4.4)

also change to
∂u′

∂x′
+

∂v′

∂y′
= 0 (4.5)

∂u′

∂t
+ u′

∂u′

∂x′
+ v′

∂u′

∂y′
= − 1

a2
x

∂P′

∂x′
+

ν

a2
x

∂2u′

∂x′2
+

ν

a2
y

∂2u′

∂y′2
+

gx

ax
. (4.6)

∂v′

∂t
+ u′

∂v′

∂x′
+ v′

∂v′

∂y′
= − 1

a2
y

∂P′

∂y′
+

ν

a2
x

∂2v′

∂x′2
+

ν

a2
y

∂2v′

∂y′2
+

gy

ay
(4.7)

Here (gx, gy) are the body force density and ν is the kinematic fluid viscosity for

the original system. It is interesting to notice that the new continuity equation Eq.

(4.5) is identical to its original version Eq. (4.2), except with the superscript ′ added

to velocity and coordinate variables. The transformed Navier-Stokes equations Eqs.

(4.6) and (4.7) are also similar to the original equations. Since the general LBM algo-

rithm is developed to solve the standard Navier-Stokes equations, here we rewrite

the transformed Navier-Stokes equations to:

∂u′

∂t
+ u′

∂u′

∂x′
+ v′

∂u′

∂y′
= −∂P′

∂x′
+ ν′

∂2u′

∂x′2
+ ν′

∂2u′

∂y′2
+ g′x , (4.8)

∂v′

∂t
+ u′

∂v′

∂x′
+ v′

∂v′

∂y′
= −∂P′

∂y′
+ ν′

∂2v′

∂x′2
+ ν′

∂2v′

∂y′2
+ g′y ; (4.9)
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where

g′x =
gx

ax
+

(
1− 1

a2
x

)
∂P′

∂x′
+

(
ν

a2
x
− ν′

)
∂2u′

∂x′2
+

(
ν

a2
y
− ν′

)
∂2u′

∂y′2
, (4.10)

g′y =
gy

ay
+

(
1− 1

a2
y

)
∂P′

∂y′
+

(
ν

a2
x
− ν′

)
∂2v′

∂x2 +

(
ν

a2
y
− ν′

)
∂2v′

∂y′2
, (4.11)

and ν′ is the artificial viscosity for the transformed system. This equation system can

now be solved by a general LBM algorithm using square lattice models, and details

on LBM can be found in the literature [17]. In practice, by selecting ν′ = ν/a2
x or ν′ =

ν/a2
y, we can eliminate one second-order partial derivative term in Eqs. (4.10) and

(4.11). Also we typically only need to scale the system in one direction, for example

in Fig. 4.1 we have ax = 1 and ay = 0.5; and thus one of the pressure gradient terms

in Eqs. (4.10) and (4.11) will disappear. The reminding partial differential terms in

Eqs. (4.10) and (4.11) can be estimated by the central finite difference approximation.

4.3 Simulations and Discussions

Next we conduct several 2D simulations to verify our method and to examine its

performance. The general SRT LBM method with the square D2Q9 lattice structure

[78] are used in these calculations. The midpoint bounce-back boundary method

[75] is adopted for the wall boundaries, and the general periodic boundary condi-

tion is applied at domain boundaries [17, 78]. The artificial body forces g′x and g′y

are incorporated using the method proposed by Guo et al. [20]. Since the velocity

variation mainly occurs in the transverse direction, we have ax=1 for all the simula-

tions in this work. The simulation results are then analyzed and potential remedies

to improve the numerical accuracy and stability are proposed for future studies.

4.3.1 Poiseuille Flow in Straight Channel

We first test our method for the Poiseuille flow through a straight channel, which,

in spite of its simplicity, has served as a common benchmark for new LBM models
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FIGURE 4.2: Simulated velocities for the straight channel flow using
our rectangular LBM model with different ay values. For comparison,
the theoretical profile from fluid mechanics is also displayed as the
solid line. The inset enlarges the results near the channel centerline

for a better comparison of the calculated and theoretical velocities.

and boundary conditions. It is true that a rectangular lattice grid is not necessary

for this simple flow through a straight, uniform channel, since a single column of

lattice nodes across the channel width is adequate if the periodic boundary condi-

tion is implemented appropriately in the streamwise direction. However, analytical

solutions for anisotropic flows are rare, and the Poiseuille flow is considered as the

first system to confirm the validity of our method. Here we take a L = 100 long

segment of a H = 6 wide channel as the physical domain, in which the flow field

is to be solved. The driving force density along the channel is gx = 10−8 and the

fluid viscosity is ν = 1/6. All these properties are given as non-dimensional values.

The Reynolds number Re = U0H/ν is 9.72× 10−6, and the nominal velocity here

is taken as U0 = gx H2/8ν. Three calculations are carried out for this same system:

ay = 1, ay = 0.75, and ay = 0.5. While holding the total lattice number along the

L = 100 length constant at 100, we have more lattice rows across the channel as we

decrease ay (i.e., as the space being stretched in the transverse direction), and thus

a better representation of the velocity profile across the channel should be expected.

Fig. 4.2 shows the calculated velocity profiles at these three different scaling levels
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vortex flow with Lx = 100 and Ly = 50. The background color
patches are from our LBM calculation and the black contour lines are

from the analytical solution Eqs. (4.12-4.13).

(symbols), in comparison to the theoretical parabolic profile (solid line) from fluid

mechanics. It can be seen there, as ay decreases, we can include more lattice points

across the channel width: 6 points for ay = 1, 8 points for ay = 0.75, and 12 points for

ay = 0.5. The improvement in agreement between LBM results and fluid mechanics

theory is apparent in the inset of Fig. 4.2, and this is confirmed by the calculated

relative errors: 1.2675×10−2 for ay = 1, 7.1311×10−3 for ay = 0.75, and 3.1696×10−3

for ay = 0.5. Actually, these error values are identical to those from the regular

LBM simulations (i.e., ax = ay = 1) with different channel width H = 6, 8, and 12.

This identity suggests that our method has not introduced extra inaccuracy for these

straight channel flows. This is reasonable by considering the following facts. First,

for this particular system, the LBM algorithm can reproduce the parabolic profile of

velocity u exactly [39, 50], the velocity v = 0 and the pressure P is constant in the

channel. Accordingly, the estimates of the partial differential terms in Eqs. (4.10)

and (4.11) are exact with no extra errors from the central finite deference approxima-

tions. Although no downgrade in accuracy, further decrease in ay causes numerical

instability and the simulation does not converge. This issue will be discussed in Sect.

4.3.5.

4.3.2 Taylor-Green Vortex

The Taylor-Green vortex is an unsteady flow consisting of a series of decaying vor-

tices in a rectangular periodic domain. This flow has often been used to test the per-

formance of numerical methods including several precious rectangular LBM models
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vortex flow.

[84, 24, 53]. The analytical solution of the decaying flow is given by [24]

u(x, y, t) = −U0 cos(kxx) sin(kyy)e−t/Td , (4.12)

v(x, y, t) =
kx

ky
U0 sin(kxx) cos(kyy)e−t/Td ; (4.13)

where kx = 2π/Lx and ky = 2π/Ly are, respectively, the wave numbers in the x

and y directions for the periodic rectangular domain of lengths Lx and Ly. U0 is

a parameter for the initial velocity magnitude, and the characteristic decay time is

Td = 1/ν(k2
x + k2

y). We first consider the case with Lx = 100 and Ly = 50. By setting

ax = 1 and ay = 0.5, this rectangular system is then mapped to a 100× 100 square

domain where the regular D2Q9 lattice structure can be applied. In our calculation,

we have U0 = 0.0001 and ν = 1/6. The calculated velocity distributions at t = Td

are displayed in Fig. 4.3, where an excellent agreement can be noticed between our

simulation result and the analytical solution. More quantitatively, in Fig. 4.4, we plot

the velocity profiles along a vertical line x = 0.125Lx at three representative time

instances t = Td/2, Td, and 2Td. The location x = 0.125Lx is selected according to

the particular velocity distributions in Fig. 4.3: The velocity u = 0 along x = 0.25Lx

and 0.75Lx, and velocity v = 0 along x = 0, and 0.5Lx. By plotting the profiles along

x = 0.125Lx, we can see the spatial variation features for both u and v. We also
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FIGURE 4.6: The velocity relative errors for the Taylor-Green vortex
flow simulations with different aspect ratios and lattice mesh reso-
lutions. The solid black line is plotted to indicate the second order

convergence rate of our method.

examine the temporal decay behavior of the vortex flow by comparing the velocities

at two representative locations (0.125Lx, 0.125Ly) and (0.125Lx, 0.475Ly) in Fig. 4.5.

Again our LBM results match the theoretical solution well in these comparisons.

To evaluate the numerical accuracy more explicitly, following previous studies [24,

86], we perform a series of calculations with different aspect ratios and lattice resolu-

tions. All the calculations are conducted over square Nx × Nx D2Q9 lattice domains.

Therefore, with ax = 1 and different ay, the physical dimensions for the Taylor-

Green vortex are Lx = Nx and Ly = ayNx. The relative velocity error is defined as
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FIGURE 4.7: Comparisons of (a) pressure distributions and (b)
streamlines for the wavy channel flow from (top) the fine mesh LBM
simulation over square lattice grids and (b) the ay = 0.75 simulation

using our rectangular model.

L2 =
[
∑ |un − ua|2

/
∑ |ua|2

]1/2 [24], where the subscripts a and n are adopted to

denote, respectively, the numerical and analytical velocities, and both summations

cover all Nx × Nx lattice nodes. Three aspect ratios (ay = 1, 0.75, and 0.5) and four

mesh resolutions (Nx = 30, 60, 120, and 240) are considered. Since the Taylor-Green

flow is unsteady and the relative error L2 is also changing with simulation time, we

collect the L2 values for all these simulations at a same normalized time t/Td = 1.

The log-log graph Fig. 4.6 shows that the numerical errors from our method is re-

ducing with the mesh resolution increase at a second order convergence rate. When

fitting the data points in Fig. 4.6 with straight lines, the slopes are 1.9980 for ay = 0.5,

1.9978 for ay = 0.75, and 2.0004 for ay = 1. Although the second order convergence

of the original LBM method is preserved, the absolute L2 values increase as the as-

pect ratio ay decreases. We attribute this decreasing accuracy with ay to the finite

difference approximations in our method, and more discussions will be presented

next in Sect. 4.3.5. Similar accuracy-aspect dependency has also been reported for

other rectangular LBM models [23, 86].

4.3.3 Flow through Wavy Channel

To introduce anisotropy to the flow field, here we consider a wavy channel with

its width H(x) varying symmetrically according to a sinusoidal function: H(x) =

Havg + 2A sin
( 2πx

L

)
, where Havg is the average width over a period length L, and A

is the wavy amplitude. The maximum width Hmax = Havg + 2A occurs at x = L/4

and the minimum Hmin = Havg − 2A occurs at x = 3L/4. Please refer Fig. 4.7 for the

system geometry. Here we take L = 100, Havg = 15, and A = 5, all nondimensional.

The minimum channel width is Hmin = 5. As in the previous section, the flow
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FIGURE 4.8: Comparisons of simulated velocity profiles for the wavy
channel flow from our rectangular LBM model (symbols) and the fine
mesh general LBM method (solid lines) at three streamwise locations.
The inset in each panel enlarges the curve and symbols in the maxi-
mum velocity region near the centerline y = 0 for a better compari-

son.

is generated by a uniform body force gx = 10−8 and the fluid viscosity is ν = 1/6.

Considering the structure periodicity, we only include one wavelength long segment

of the channel in our calculations. Again three sets of calculations are carried out

with ay = 1, 0.75, and 0.5, all with 100 lattice nodes over the variation period L.

Since the analytical solution for this flow is not available, a separate simulation is

performed using the regular LBM method with the mesh resolution quadrupled (i.e.,

400 lattice nodes over the wavelength). This 400-lattice calculation will be referred

as the fine mesh simulation and its result will serve as the comparison standard.

Fig. 4.7 shows the pressure distributions (a) and streamlines (b) from the fine mesh

simulation (top) in comparison to those from the ay = 0.75 simulation (bottom).

There is no apparent difference observed. A high pressure is built up at x/L ∼ 0.6

due to the large flow resistant in the narrow section at x/L = 0.75; and accordingly

the low pressure occurs at x/L ∼ 0.85 after the neck section. The streamlines in

Fig. 4.7b clearly indicates the high velocity at the neck segment x/L ∼ 0.75 and

the slow flow in the wide section x/L ∼ 0.25, for the mass conservation principle.

More quantitatively, we plot the profiles of the axial velocity u from these simula-

tions across the channel at different locations along the channel in Fig. 4.8: (a) the

mean-width location x/L = 0, (b) the maximum-width location x/L = 0.25, and
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FIGURE 4.9: Comparisons of (a) pressure distributions and (b)
streamlines for the flow through the elliptical particle array from (top)
the fine mesh LBM simulation over square lattice grids and (b) the

ay = 0.758 simulation using our rectangular model.

(c) the minimum-width location x/L = 0.75. The results from our rectangular LBM

model with different ratio ay are displayed as symbols, and that from the fine mesh

simulation is shown as black lines. For the system symmetry about the centerline

y = 0, we only show the velocity profiles in the y ≥ 0 region. The velocity mag-

nitude is normalized with the maximum velocity U0 through a uniform, Havg-wide

channel according the Poiseuille law, i.e., U0 = gx H2
avg/8ν. The Reynolds number

Re = U0Havg/ν is 1.5 × 10−4. It is interesting to see that the best agreement be-

tween the rectangular-LBM results and the fine mesh simulation is observed at neck

x/L = 0.75, and the worst at the maximum width x/L = 0.25. Please note this

observation should not be attributed to our rectangular model, since the calculation

with ay = 1 (black circles in Fig. 4.8) is simply a regular LBM simulation over a

uniform square lattice grid, just with a four-fold lower resolution compared to the

fine mesh simulation (black lines in Fig. 4.8). With the ration ay decreases from 1 to

0.75 and then 0.5, more lattice nodes are employed in the y-direction, and intuitively

a better accuracy is expected (as we see in the straight channel simulations above).

However, it seems here ay = 0.75 (blue squares in Fig. 4.8) yields the most accurate

velocity, and the lower value ay = 0.5, although with more lattice nodes (i.e., a finer

mesh) in the transverse direction, results in a reduced accuracy. Please see Figs. 4.8a

and b for this observation, and it will be discussed next in Sect. 4.3.5.

4.3.4 Flow through a Model Anisotropic Porous Medium

To further illustrate the application of our rectangular LBM model and also to verify

the different effects of ay on numerical accuracy observed in the straight and wavy
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channel simulations, at last we simulate the system in Fig. 4.1a. This system con-

sists identical elliptical particles arranged periodically in both the x and y directions,

and the flow is generated by a body force gx. This system, in spite of it simplic-

ity, can be considered as a model of flows through anisotropic porous media which

are frequently encountered in many natural and engineering situations [31]. In our

simulations, we consider a 2D domain of length L = 100 and width H = 50 as the

periodic unit. The elliptical particle locates at the domain center and has semi-axes

of a = 0.45L = 45 in the x direction and b = 0.45H = 22.5 in the y direction. Peri-

odic boundary conditions are applied in both directions. As a result, the minimum

gap width between two particles at x = L/2 is H − 2b = 5. Please refer Fig. 4.9

for the system geometry. For this system, the minimum ay value for our current

program is 50/93=0.538, where 100 and 93 lattice nodes, respectively, are utilized

in the x and y directions. Similar to previous systems, three different ay ratios are

tested: ay = 1 (100× 50 D2Q9 lattice mesh), ay = 0.758 (100× 66 D2Q9 lattice mesh),

and ay = 0.538 (100× 93 D2Q9 lattice mesh). Again a fine mesh simulation with a

400× 200 square mesh is performed for comparison. The calculation results are dis-

played in Figs. 4.9 and 4.10. The agreement in pressure distributions and streamline

patterns in general are satisfactory (Fig. 4.9). The higher fluid pressure is established

before and the lower pressure after the narrowest gap segment at x/L ∼ L/2. The

fastest flow velocity, indicated by the small distance between streamlines, is also ob-

served in the minimum gap section due to the mass conservation. Velocity profiles

at three streamwise locations are plotted in Fig. 4.10 for a detailed examination of

the simulation accuracy: (a) x/L = 0, (b) x/L = 0.25, and (c) x/L = 0.5. The nomi-

nal velocity U0 here is taken as the maximum velocity in a straight channel with the

minimum gap width: U0 = gx(H − 2b)2/8ν. The Reynolds number Re = U0b/ν is

2.5× 10−5. Here again we see the best agreement occurs at the narrowest gap po-

sition x/L = 0.5, and the more apparent deviations from the fine mesh simulation

are noticed at x/L = 0 and 0.25. Similar to those observed in Fig. 4.8 for the wavy

channel simulations, the moderate ay = 0.758 (blue squares) yields a better accuracy

that the ay = 1 (black circles) and ay = 0.538 (red diamonds). The reverse effect of a

higher resolution of ay = 0.538 on the result accuracy will be analyzed next.
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4.3.5 Stability and Accuracy Analysis and Discussions

The difference in our rectangular model from the classical LBM algorithm using

square lattices is the artificial force terms in Eqs. (4.10) and (4.11); therefore we

should focus on these terms when exploring the potential causes of the stability and

accuracy concerns noticed above. We first look at the numerical instability caused

by a small ay value. As mentioned above, the minimum value for ay is 0.5 for the

straight and wavy channel flows and it is 0.538 for the flow through elliptical particle

array. Please note in all these calculations, we have ax = 1 as the typical practice in

such rectangular LBM models [5, 85, 84, 24, 86, 67]. The effect of ay on the force term

g′y in Eq. (4.11) is relatively insignificant: gy/ay increases when ay decreases, how-

ever, in a gentle fashion unless ay becomes extremely small, the pressure gradient

term
(

1− 1
a2

y

)
∂P′
∂y′ should not be a major concern either since the pressure variation

in the transverse direction is zero in the straight channel system and small in the

wavy channel and ellipse particle systems (see Figs. 4.7a and 4.9a), and the last term(
ν
a2

y
− ν′

)
∂2v′

∂y′2
should also be unsubstantial considering the zero or small magnitude

of the transverse velocity v′. On the other hand, for the force term g′x in Eq. (4.10),

we have the first two terms on the RHS disappear when ax = 1, as well as the third

term vanishes when we select ν′ = ν, as we do in our simulations. the only term
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left over on the RHS of Eq. (4.10) is the last term
(

ν
a2

y
− ν′

)
∂2u′

∂y′2
. The denominator

a2
y plus the large velocity gradient in the transverse direction ∂2u′

∂y′2
in our simulated

systems together can result in a relatively large body force term for our rectangular

LBM calculation, and the large body force has been well recognized as a major cause

to LBM simulation instability. Numerical experiments are conducted to confirm this

analysis: we remove the last term in Eq. (4.10) and the simulations can remain stable

with lower ay values. We are aware that the results using this incomplete force term

are not physically meaningful, and our purpose here is purely to numerically verify

that the last term in g′x is indeed the main cause of the simulation instability for our

rectangular model.

We now turn our attention to the result accuracy. For the straight channel flow, the

pressure P′ is constant (the flow is driven be a constant body force), the transverse

velocity v′ = 0, and the streamwise velocity u′ is constant in the x direction. In

such a situation, the only non-zero partial derivative term in Eqs. (4.10) and (4.11) is

∂2u′

∂y′2
. It has been shown that, for straight channel flows, the general LBM algorithm is

equivalent to a central finite difference representation for the flow velocity [50, 39],

and the velocity profile in a straight channel indeed follows a parabolic curve. In ad-

dition, we use the finite difference scheme to estimate the partial differential terms

in our rectangular LBM calculations. With all these aspects considered, it is not sur-

prising to see the increasing accuracy with finer resolutions for the straight channel

flow. However, these idealized conditions do not present for other more complex

flows like those in the wavy channel and particle array systems. A smaller ay value,

on one side, increase the number of lattice nodes in the transverse direction and thus

a better representation of the velocity variation can be expected; on the other hand,

the inevitable errors from the finite difference approximations for the partial deriva-

tive terms are amplified by the smaller denominators a2
y. These two factors have

opposite influences on the overall numerical accuracy. Apparently, in our simula-

tions of the wavy channel and particle array flows, the former is more predominant

as we decrease ay from 1 to 0.75, and the negative effect from the amplified errors has

surpassed the benefit from the finer lattice grid as we further reduce the ay value.
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The low aspect limit (1/a2
y in our model description, maximum 2 for our simula-

tions) is not unique to our rectangular model; instead, it appears as a common fea-

ture for most rectangular LBM models. He et al. [23] reported large grid aspect

ratios up to 8; however, the system geometry considered in that study was rela-

tively simple: it was actually a straight rectangular domain with no cross-sectional

change. The inlet was set at the left boundary with a width narrower than the chan-

nel width. The top aspect ratio from other few rectangular models [5, 85, 84] were

similar to ours (∼ 2), and the Hegele et al. model [24] could only reach an aspect

ratio of 1.5. The largest aspect ratios so far in the literature are those from the recent

MRT models in Refs. [86, 53], with values in the range of 4 ∼ 5. The extension to 3D

situations of the 2D model in Ref. [53] by Wang et al. [67] seems face the similar in-

stability challenge, and only an aspect ratio of 2 can be reached when simulating the

Taylor-Green vortex, although a much larger aspect ratio of 20 can be achieved for

straight channel flow. The accuracy reported in these previous studies appears bet-

ter than that in our wavy channel and elliptical particle array simulations; however,

it should be noticed that, unlike the representative anisotropic flows employed here,

the systems considered in these previous studies (including the Taylor-Green vortex

flow and the lid-driven flow) have relatively regular geometry and are less relevant

to the real potential applications of such rectangular models. Bouzidi et al. [5] used

the flow through a straight channel with a circular cylinder in the center as the test

system; however, the flow anisotropy is not as severe as in our two latter systems. It

is not clear how the performance of these existing models would be when working

on systems with curved boundaries and realistic, large velocity gradient differences.

All the simulation results presented above are obtained by using the SRT model

and the midpoint bounce-back boundary method [75]; however, we have tested the

MRT LBM model [17] and the extrapolation boundary method by Guo et al. [19];

and they are not helpful for improving either the stability or accuracy. Based on our

above analysis, we re-examine the equations involved, and notice that Eqs. (4.6) and
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(4.7) can also be rewritten as

∂u′

∂t
+ u′

∂u′

∂x′
+ v′

∂u′

∂y′
= − 1

a2
x

∂P′

∂x′
+ ν′x

∂2u′

∂x′2
+ ν′y

∂2u′

∂y′2
+

gx

ax
. (4.14)

∂v′

∂t
+ u′

∂v′

∂x′
+ v′

∂v′

∂y′
= − 1

a2
y

∂P′

∂y′
+ ν′x

∂2v′

∂x′2
+ ν′y

∂2v′

∂y′2
+

gy

ay
, (4.15)

with

ν′x =
ν

a2
x

, ν′y =
ν

a2
y

. (4.16)

Now Eqs. (4.14-4.15) make up a Navier-Stokes-like system for flow (u′, v′), however,

with anisotropic momentum diffusion coefficients ν′x and ν′y. Since the major chal-

lenge for the practical usefulness of our current rectangular model lies in the artificial

force terms in Eqs. (4.10) and (4.11), solving the system (4.14-4.16) directly could be

a potential remedy for improving the numerical accuracy and stability. One possi-

ble approach could be re-designing the transformation matrix M in the MRT LBM

method to achieve different viscosity coefficients, and thus only the pressure gradi-

ent terms will appear in the force terms. Since the pressure variation is much gentler

in typical incompressible flows, the calculations would be more stable and accurate.

This could be an interesting research topic to pursue in the future. We would like

to clarify that the proposed MRT remedy is different from those existing rectangular

MRT schemes in Refs. [5, 84, 86, 53]. Those previous MRT methods modified the

LBM formulations so that they can use the anisotropic rectangular lattice structure;

and our proposed approach will tune the LBM formulations to generate anisotropic

momentum diffusion coefficients over the regular, isotropic lattice grids.

4.4 Summary and Concluding Remarks

In this chapter, we have presented a rectangular LBM scheme based on coordinate

and velocity transformation for anisotropic flows. The transformed equation system

can be solved with the general LBM method over isotropic lattice grids by collect-

ing extra terms into the artificial force terms. Demonstration systems, including the

straight and wavy channel flows, the Taylor-Green vortex, and the flow through
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an ellipse particle array, have been simulated and the results have been analyzed.

Similar to many existing rectangular LBM models, our method suffers numerical in-

stability and inaccuracy at large aspect ratios (i.e., low ay values). The underlying

mechanism for the effects of ay on the simulation performance has been carefully

examined based on the expressions of the artificial force terms. Our analysis re-

veals that a smaller ay value increases the magnitudes of the artificial force terms

and therefore makes the calculation less stable; On the other hand, a smaller ay

has two opposite effects on the simulation accuracy: the finer mesh to represent

the abrupt velocity variation better vs. the amplified finite difference errors in the

partial derivative terms. A potential remedy has also been proposed to avoid the fi-

nite difference approximations. The method, simulations, and analysis in this study

could be of interest for the development of more robust rectangular and cuboid LBM

models in the future.
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Chapter 5

Conclusion and Further Research

5.1 Conclusion

In Chapter 2, a conjugate interface method on the simulations of convection-diffusion

systems between two materials with the interface discontinuity was proposed. The

main feature of this method is that the original conjugate problem can be solved

as two Dirichlet boundary value systems, as the interfacial scalar values can be ob-

tained via extrapolations from each domain. The algorithm of the method is simple

and straightforward. The method has been validated with steady and unsteady sys-

tems of flat and circular interfaces. The effects of various parameters (including

the interface offset, transport diffusivity, heat capacity ratio, and interfacial conduc-

tance) have been investigated. Numerical stability has also been examined, and it

is found that the method is stable over larger ranges of key system parameters, in-

cluding the heat capacity, thermal conductivity, interface conductance, and temporal

variation frequency.

In Chapter 3, the periodic relationships in flow and temperature fields for fully de-

veloped periodic incompressible thermal flows with CWT and SHF boundary con-

ditions have been examined. Two LBM implementations for the periodic boundary

treatment, the ST and DM approaches, have been proposed. The treatments were

validated with flat and wavy channels and thermal flows around cylinders. The re-

sults suggest that the methods are capable of their purpose and could be used for

future thermal flow simulation.
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In Chapter 4, a rectangular LBM scheme for anisotropic flows based on coordinate

and velocity transformation was proposed. The NS equation was transformed ac-

cording to the new coordinate, and the extra terms would be merged into the body

force term. Then, the system could be solved with the LBM. The method was val-

idated with the straight and wavy channel flows and flow through an ellipse par-

ticle array. According to the results, the accuracy and numerical stability were not

satisfied. A potential remedy has also been proposed to avoid the finite difference

approximations. The method, simulations, and analysis in this study could be of

interest for the development of more robust rectangular and cuboid LBM.

5.2 Future Research

Based on the counter-extrapolation method that was introduced in Chapter 2 of this

thesis, the following further research is proposed. First, all the validation calcula-

tions in Chapter 2 was based on the MRT LBM model with D2Q5 lattice structure.

As it was suggested in Chapter 2, this method should be able to extend into other lat-

tice structures easily and can be applied in general for all CFD methods. Therefore,

the simulation of the counter-extrapolation method for 3D lattice structures could

be finished in the future. Second, all the validations in Chapter 2 were for stationary

interfaces (the interfacial boundary has no velocity in its normal direction). Extend-

ing the method to LBM models with moving interface should be relatively straight-

forward. The only issue is that the nodes near boundaries may become a node of

another domain as the boundary is moving, and the distribution functions for such

nodes may not exist. One possible solution is to get the distribution functions via

extrapolations from existing neighboring nodes. In the future, the simulation of the

counter-extrapolation method with moving boundary can be considered. In addi-

tion, the systems in the validations are relatively simple, and extending the method

to systems with more complex geometry shapes and boundary conditions could be

considered in the future.

The inlet-outlet treatments for LBM simulations of periodic thermal flow were pro-

posed in Chapters 3. The formulations and validations in Chapters 3 have been
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limited to 2D, laminar, and steady flow situations as a concern of simplification. In

the future, this work could be continued with other LBM models, such as other lat-

tice structures, MRT models, or even turbulent LBM models. It is also worth noting

that there are other alternative thermal LBM models can also be adopted to solve

the thermal field, which could be used in future simulations. In addition, although

the systems considered in Chapter 3 are relatively simple, more complex geometric

shapes and boundary conditions (for example, different heat flux magnitudes at dif-

ferent wall locations) can be readily simulated by the methods proposed in Chapter

3 in future.

As for the rectangular LBM scheme that was proposed in Chapter 4, it is obvious

that at its current stage, the method suffers numerical instability and inaccuracy

at large aspect ratios. Therefore, dealing with the instability and inaccuracy issue

should be the main direction for the future research of this method. One possible

future solution is to apply the MRT LBM method and re-design the M matrix to

achieve different viscosity coefficients. By doing this, the pressure gradient terms

would appear in the force terms. And because the pressure gradient would be small

in incompressible flow, the calculations would be more stable and accurate. The

re-designing work of the M matrix and its validation could be finished in the future.
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Appendix A

The Double-Distribution Thermal

LBM Model

Here we describe the double-distribution lattice Bhatnagar-Gross-Krook (LBGK) model

for thermal flows [22], although other LBM models are available in the literature

[61, 17, 41]. Here two sets of density distribution functions are employed: one as

fi for the fluid dynamics and one as hi for the thermal convection-diffusion equa-

tion. The subscript i denotes the lattice direction in which the distributions fi or hi

move. The evolution of such density distributions can be described by two consec-

utive steps: the collision step and the propagation or streaming step. In the collision

step, the incoming distributions fi(x, t) and hi(x, t), at a lattice node (x, t) (x as the

position vector with two coordinate components x and y) from different directions

i = 0, 1, · · · , b − 1 (b is the total number of lattice velocities of the lattice model

employed), mix and then are redistributed into all lattice directions, with mass, mo-

mentum, and energy conserved. The new distributions are called post-collision dis-

tributions and they are represented as f ∗i and h∗i in this work. The collision step can

be expressed mathematically as

f ∗i (x, t) = fi(x, t)− 1
τf

[
fi(x, t)− f eq

i (x, t)
]
+ δ fi , (A.1)

h∗i (x, t) = hi(x, t)− 1
τh

[
hi(x, t)− heq

i (x, t)
]
+ δhi . (A.2)
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The relaxation parameters τf and τh are related to the fluid kinematic viscosity ν and

thermal diffusivity α, respectively; the additional terms δ fi (usually called the forc-

ing term) and δhi (usually called the source term) can be tuned to recover the correct

macroscopic momentum and energy equations. These issues will be discussed be-

low. The fluid density ρ, equilibrium velocity ueq, and energy scalar A (could be

the regular temperature T or its modified counterparts like T̃, θ, or θ̄, depending on

which energy equation to solve by distributions hi) can be obtained from the density

distributions fi and hi as

ρ = ∑
i

fi , ueq = ∑
i

fici/ ∑
i

fi , A = ∑
i

hi , (A.3)

where ci is the i-th lattice velocity. The equilibrium distributions f eq
i and heq

i can then

be calculated from these properties as [17, 11, 10]

f eq
i = ωiρ

[
1 + ci ·u

c2
s
+ (ci ·u)2

2c4
s
− u2

2c2
s

]
, (A.4)

heq
i = ωi A

[
1 + ci ·u

c2
s
+ (ci ·u)2

2c4
s
− u2

2c2
s

]
. (A.5)

The parameter ωi is called the lattice weight factor and cs is the lattice sound speed.

In the following propagation step, the post-collision distributions f ∗i and h∗i will then

move to the nearest neighboring lattice node at velocity ci over a time step δt:

fi(x + ciδt, t + δt) = f ∗i (x, t) ; (A.6)

hi(x + ciδt, t + δt) = h∗i (x, t) . (A.7)

Now they become the incoming, pre-collision density distributions at node x + ciδt,

and the above described collision-propagation process can be repeated iteratively,

till satisfactory results have been obtained.
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Appropriate mathematical analysis like the Chapman-Enskog expansion can be per-

formed to the above distribution dynamics, and the following macroscopic equa-

tions can be derived [17, 61]:

∂ρ
∂t + ρ∇ · u = 0 , (A.8)

∂u
∂t +∇ · (uu) = −∇P

ρ + ν∇2u + F , (A.9)

∂A
∂t + u · ∇A = α∇2A + S . (A.10)

The fluid properties u, P, ν, and α are related to the LBM parameters by

u = ueq +
Fδt
2ρ

, P = c2
s ρ , ν = c2

s

(
τf −

1
2

)
δt , α = c2

s

(
τh −

1
2

)
δt . (A.11)

The additional terms δ fi and δhi in Eqs. (A.1) and (A.2) are related, respectively, to

the forcing term F and source term S in the resulting macroscopic equations Eqs.

(A.9) and (A.10) as

δ fi =
ωiF · ciδt

c2
i

, (A.12)

δhi = ωiS . (A.13)

These δ fi and δhi terms can be conveniently adjusted according to the forcing or

source terms in the macroscopic equations to be solved. In our next validation and

demonstration simulation examples, we use the simple D2Q9 (2D and b = 9) square

lattice structure, for which the nine lattice velocities are

c0 =

 0

0

 , c1−4 =

 cos(i− 1)π/2

sin(i− 1)π/2

 δx
δt

, c5−8 =
√

2

 cos(2i− 9)π/4

sin(2i− 9)π/4

 δx
δt

.

(A.14)

The lattice weight factors are ω0 = 4/9, ω1−4 = 1/9, and ω5−8 = 1/36; and the

lattice sound speed cs = 1/
√

3δx/δt. δx is the lattice grid resolution.
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Appendix B

The Analytical Solution for

Developed Thermal Flow

For a fully developed incompressible flow between two parallel plates of a separa-

tion H, the streamwise velocity is

ux(y) =
3
2

U0

[
1−

(
2y
H

)2
]

, (B.1)

and the transverse velocity is uy = 0. Here U0 is the mean velocity and the transverse

coordinate y measures from the centerline at y = 0. The two channel walls then

locate at y = ±H/2. For the steady thermal flow simulated in Sect. 3.3.1, the energy

equation Eq. (3.3) is simplified to

3
2

U0

[
1−

(
2y
H

)2
]

∂T
∂x

= α

(
∂2T
∂x2 +

∂2T
∂y2

)
. (B.2)

Following Ref. [6], we define the new coordinates as ȳ = 2y/H and x̄ = 2x/H
PrRe′ , where

the Reynolds number is given as Re′ = 2U0H/ν. Please note here the Reynolds

number Re′ is different from the Reynolds number Re = U0H/ν used in Sect. 3.3.1.

The energy equation Eq. (B.2) can then be written as

3
8
(
1− ȳ2) ∂T

∂x̄
=

∂2T
∂ȳ2 +

(
1

PrRe′

)2 ∂2T
∂x̄2 . (B.3)
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To represent the similar temperature profile along this uniform duct, the tempera-

ture field is assumed as a product of a function Y (which only has ȳ as the variable)

and a decaying function e−8λ2 x̄/3 along the flow direction:

T(x̄, ȳ) = Y(ȳ)e−
8
3 λ2 x̄ . (B.4)

Here the parameter λ is called the eigenvalue and its value will be determined next.

For the periodic situation in this study, we are only interested in the first eigen-

value and its corresponding mode, since higher order modes have disappeared in

the developing region due to their faster decaying speed. Eq. (B.4) is now further

simplified to a differential equation of function Y only as

Y′′ +

[
1 +

(
8λ

3PrRe′

)2
]

λ2Y− λ2ȳ2Y = 0 . (B.5)

Considering the flow and temperature symmetry about the channel centerline at

ȳ = 0, we further express the function Y as a polynomial series of only even order

terms:

Y(ȳ) =
∞

∑
i=0

biȳ2i . (B.6)

Submitting this series expression into Eq. (B.5) yields the following recursion rela-

tionships among the coefficients bi:

b0 = 1; b1 =
mb0

2
; bi =

mbi−1 + nbi−2

2(i + 1)(2i + 1)
(i = 2, 3, 4, ....) , (B.7)

with

m = −
[

1 +
(

8λ

3PrRe′

)2
]

λ2 ; n = λ2 . (B.8)

A trial-and-error procedure is required to determine the value λ [6]. Here we start

with the value of 1.6815953222 from Ref. [6], and a set of coefficients bi (up to the 50th

term in our calculation) can be calculated from Eq. (B.7). The function value of Y(ȳ =

0) is then obtained from Eq. (B.6), and the difference between Y(ȳ = 0) and 0 (the

wall temperature requirement) can serve as the criterion to refine the λ value, until

a satisfactory resolution is reached. For the system considered in this appendix with
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Pr = 0.7 and Re = 40, the eigenvalue obtained from this trial-and-error process is

λ=1.675516290994, which is slightly lower than the value from Ref. [6]. The Nusselt

number can also be readily calculated from the calculated temperature profile from

this λ value, in combination of the parabolic Poiseuille flow velocity Eq. (B.1). The

analytical Nusselt number is constant along the channel of 3.7723, slightly larger

than that in Ref. [6] (3.7704) where axial diffusion is neglected. This is reasonable

since the axial diffusion effect enhances the heat transfer efficiency of the system;

however with a relatively large Peclet number Pe = RePr = 28 here, the diffusion

contribution to the overall heat transfer is not significant.
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