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ABSTRACT

With the inductive electromagnetic geophysical method, the
laterally varying conductance of thin sheet models can be esti-
mated either through a direct transform of the measured data or
through inversion. The direct transform (called the simplified
solution) does not require grid or line data and is simple enough
to be performed in the field because the conductance at a loca-
tion is calculated directly from the ratio of two measured mag-
netic fields (the vertical spatial and temporal derivative of the
vertical magnetic field) at that location. However, the simplified
solution assumes that the secondary horizontal magnetic fields
are zero and/or that the sheet has a uniform conductance. Our
nonapproximate solution (called the full inversion) does not
make these assumptions, but requires gridded data, measure-
ments of the secondary horizontal magnetic fields, and more
complicated inversion algorithms. Through forward modeling,
we found that the full inversion provides better results than the

simplified solution when the spatial gradient of the resistance
is strong and/or when the horizontal magnetic fields are large.
Because the simplified solution may be preferable due to its
simplicity, we introduce two unreliability parameters, which
assess the unreliability of the conductance calculated using
the simplified solution. A comparison of the simplified solu-
tion and full inversion in a fixed in-loop survey collected
overtop a dry tailings pond in Sudbury, Ontario, Canada, re-
vealed that there were small differences around large conduct-
ance contrasts, which coincided with elevated unreliability
parameters. The simplified solution is recommended if fast
in-field interpretations are required, or additionally, as a
first-pass survey that can be performed with sparse station
spacing to identify areas of interest. Denser grid data can
then be collected, for the more reliable full inversion, over
areas of interest and/or zones where the simplified solution
is expected to be unreliable as predicted by the unreliability
parameters.

INTRODUCTION

The primary goal of most electromagnetic (EM) geophysical sur-
veys is to determine the distribution of electrical properties, namely,
conductivity, below the surface, which accurately explains the mea-
sured EM response (generally, the magnetic field or its time deriva-
tive). This is often accomplished through the use of stitched 1D
conductivity-depth sections (either through 1D inversions and/or
conductivity depth imaging/transforms; Macnae, 2007) and/or
trial-and-error forward modeling whereby the interpreter adjusts
synthetic models until the generated synthetic data resemble the
field data (Hohmann and Raiche, 1987). Three-dimensional
inversions such as those proposed by Haber et al. (2007) and/or
Zhdanov (2010) are appealing because they more accurately de-
scribe the earth’s geometry and the physics in more complex

situations. However, these full 3D inversions have been hampered
by the size, ill posedness, and complexity of the problem, and as
such, the faster and simpler 1D algorithms are generally used (Mac-
nae, 2007). In parallel, the thin-sheet approximation, which as-
sumes that current is constrained to flow in a sheet that is
inductively thin (Price, 1949), has been used extensively to simplify
the equations used to solve for the EM fields in 3D media and has
been effective in forward modeling and inversion routines (West
et al., 1984; Macnae and Lamontagne, 1987; Keating and Crossley,
1990; Nabighian and Macnae, 1991; Liu and Asten, 1993; Smith,
2000; Tartaras et al., 2000; Swidinsky and Edwards, 2009; Kolaj
and Smith, 2013). The success of the thin-sheet assumption is
due to many factors, namely, the magnetic fields from a thin sheet
are easy to visualize; many mineral exploration targets can be
represented as thin sheets (Grant and West, 1965; Palacky,
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1987); sedimentary layers can, as a first approximation, be thought of
as stacked thin sheets (Tartaras et al., 2000; Walker and Lamontagne,
2007) and thin sheets are described by a conductance (product of
conductivity and thickness), which is, at times, more robust than
the corresponding conductivity and thickness (Liu and Asten,
1993). The thin-sheet approximation is relatively robust and gener-
ally valid as long as the thickness of the sheet is smaller than the skin
depth or diffusion depth in the frequency and time domains, respec-
tively (Joshi et al., 1988; Frischknecht et al., 1991). As such, while
solving the full 3D inversion is sometimes preferred in terms of its
accuracy, an inversion scheme based on thin sheets is an attractive
shortcut in circumstances where the geology is consistent with the
inherent assumptions.
A simple yet robust method for mapping a laterally varying

conductance over extensive thin sheets from time-domain EM
(TDEM) data was developed in Kolaj and Smith (2013) and suc-
cessfully tested in a field trial over a dry mine tailings pond. Such
an algorithm is useful and is a geologically reasonable approxima-
tion in many areas such as in nickel laterite exploration where the
nickel content is at times associated with areas of high conductance
in the variable saprolite (Peric, 1981; Rutherford et al., 2001); in the
characterization of mine, mill, or smelter waste (Chouteau et al.,
2006; Kolaj and Smith, 2013), and/or in the characterization or ex-
ploration over variable overburden (Seigel and Pitcher, 1978; Irvine
and Staltari, 1984). The method of Kolaj and Smith (2013) involves
a simplification of the EM induction formula for thin sheets derived
by Price (1949) and generalized for EM prospecting methods by
Smith and West (1987). The simplification assumed a uniform
resistance (inverse of conductance) and calculated an apparent
resistance in sheets where the resistance varied laterally. This
assumption relied on the product of the horizontal magnetic fields
with the corresponding derivatives of the lateral resistance (i.e.,
Hs

ydR∕dy and Hs
xdR∕dx) being negligible in comparison to the

other two terms in the original equation (RdHs
z∕dz and dHz∕dt).

The advantages of the simplified over the nonsimplified method
are (1) the horizontal magnetic fields (Hs

y and Hs
x) are not required,

(2) the resistance calculated at each station is independent of any
other station and thus line/grid data are not required, and (3) the re-
sistance calculation is simple enough to be performed in the field in
real time. However, the benefits of the simplified method are limited
by the approximations made and thus a detailed study of when the
simplified, or nonsimplified, solutions should be used is warranted.
We begin by briefly summarizing the solution to the problem of

EM induction in thin sheets with a laterally varying conductance
and how the equation may be inverted to estimate an apparent re-
sistance (henceforth called the simplified solution) or the actual re-
sistance (henceforth called the full inversion). Through forward
modeling, we explore the general characteristics of each method
and the limitations of the simplified solution and we present a sim-
ple calculation that can determine whether the resistance calculated
with the simplified solution will be valid. Last, we use our devel-
oped full inversion and compare it to the simplified solution on the
field data collected in Kolaj and Smith (2013) overtop a dry mine
tailings pond situated on Vale property in Sudbury, Ontario,
Canada.

THEORY

In Kolaj and Smith (2013), a simple method to estimate the
apparent resistance of a horizontal inductively thin sheet embedded

in a resistive medium is derived based on the work of Price (1949)
and Smith and West (1987). The formula for the apparent resistance
R is

R ¼ μ

2

 
dHz
dt
dHs

z
dz

!
; (1)

where μ is the magnetic permeability (assumed to be that of free
space) and dHz∕dt and dHs

z∕dz are the time derivative of the ver-
tical total magnetic field (secondary plus primary magnetic field)
and the vertical spatial derivative of the vertical secondary magnetic
field, respectively. This apparent resistance estimate assumed that
there was no change in resistance in the lateral directions (i.e.,
dR∕dy ≈ 0 and dR∕dx ≈ 0), which allowed simplification of the
full thin-sheet induction boundary equation,

−
dHs

z

dz
Rþ dR

dy
Hs

y þ
dR
dx

Hs
x ¼ −

μ

2

dHz

dt
: (2)

In the off-time or when the primary magnetic field is a constant
value, all terms in equations 1 and 2 are secondary magnetic fields
(HS) and the calculated resistance becomes independent of the
transmitter location and waveform (Kolaj and Smith, 2013). How-
ever, when dealing with finite-sized and nonuniform conducting
thin sheets, certain transmitter and receiver configurations will pro-
vide better results. For instance, the simplified solution (equation 1)
will work best when Hs

ydR∕dy and Hs
xdR∕dx are small in compari-

son to dHz∕dt and dHs
z∕dz, which is achievable when the magnetic

fields are measured inside of the transmitter loop where the vertical
magnetic fields dominate (Kolaj and Smith, 2013). Moreover, equa-
tions 1 and 2 are true at all delay times, so multiple resistance pro-
files, one for each time channel, can be calculated. The results from
each time channel should be comparable unless the inductively thin
sheet criteria (and uniform resistance for equation 1) assumptions
are invalid. The results from each time channel can also differ if
there are changes in resistivity with depth. While the simplified sol-
ution (equation 1) is valid away from the sheet, equation 2 is valid
only in the plane bounded by the sheet (i.e., immediately above or
below the conductive thin sheet). However, the magnetic fields can
be calculated away from the sheet by upward continuing the fields
calculated at the surface of the sheet using equation 2 (i.e., the for-
ward model of Smith and West, 1987). Thus, using equation 2 to
calculate the resistance using magnetic fields measured above the
sheet (i.e., the inverse problem) should provide a smoothed approxi-
mate estimate of the true resistance. As such, for near-surface ap-
plications, no knowledge of the sheet depth is required to solve the
simplified solution for the apparent resistance (equation 1) or to get
an approximate resistance that satisfies equation 2. Furthermore, the
methods will be limited to near-surface applications (where equa-
tion 2 is valid) as spatial derivatives (i.e., dHs

z∕dz) from deeper
sources will likely be below background noise levels (Sattel and
Macnae, 2001). Although equation 1 (the simplified solution)
was used quite successfully in Kolaj and Smith (2013), the incor-
poration of the terms involving resistance derivatives (equation 2)
should provide a better estimate of the true resistance where these
terms cannot be neglected.

E2 Kolaj and Smith
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INVERSION SCHEME

Equation 2 can be reformulated into a linear problem of the
form

AR ¼ b; (3)

where R is the vector of resistances at different locations on the
sheet,A is a matrix corresponding to the left-hand side of equation 2
with finite-difference operators used to estimate the lateral resis-
tance derivatives, and b is the vector of elements corresponding
to the right-hand side of equation 2. The matrix A is sparse and
can be inverted allowing for equation 3 to be solved, but, like many
other geophysical problems, it is often ill conditioned and benefits
from regularization. Thus, the inversion is performed by minimizing
fðRÞ in the overdetermined system

fðRÞ ¼ kWðAR − bÞk2 þ α2kSRk2; (4)

where k : : : k represents the Euclidean norm, W is a weighting ma-
trix corresponding to the inverse of the data error (assumed to be
Gaussian distributed), S is a smoothing regularization matrix, and α
is the regularization coefficient that controls the relative contribu-
tion between term 1 (misfit) and term 2 (smoothness) in equation 4
(a high value of α would produce a smoother model). Equation 4 is
solved in MATLAB using orthogonal-triangular decomposition,
and 1600 station resistances can be calculated in a few seconds
on a desktop computer. Because the solution to equation 4 can
be found quite rapidly, it can be rerun for many different values
of α. The optimum α is found using a combination of an L-curve
analysis (Zhdanov, 2002) and a qualitative analysis of the solutions
obtained. Note that equation 1 can be similarly reformulated into the
form of equation 4 to benefit from the error weighting and regulari-
zation. In this case, the A matrix becomes a diagonal matrix. How-
ever, by reformulating the problem in this manner, the simplified
solution would lose some of its advantages, namely, the independ-
ence of the calculated resistance from station to station, not requir-
ing grid/line data and being able to calculate the resistance by taking
a simple ratio of the measured fields.
The resistance derivatives (equation 2) are represented using a

finite-difference approximation. Forward or backward differences
are used along the edge of the grid, while a central difference is
used within the grid. When there is a large range of values in
the measured fields and derivatives and/or high noise in the data,
erratic/erroneous resistances are sometimes calculated along the
edge of the grid, which may propagate toward the center of the grid
through the derivatives. An increase in the regularization coefficient
tends to reduce this effect but may cause an overly smooth solution
to be calculated. An alternative means of dealing with this issue is to
estimate the measured fields, derivatives and the resistances beyond
the survey area (we call this data padding). Data padding tends to
move any potentially erratic resistances to be calculated in the
padded zone, which is subsequently removed and thus, it is not in-
terpreted. The simplest and most effective method is to duplicate the
measured components (dHs

z∕dz, Hs
y, Hs

x, and dHz∕dt) along the
outer edge of the grid outward into the padded area. With the sim-
plified solution, this would create a constant resistance envelope
around the survey area.

SYNTHETIC EXAMPLES

In the following section, we discuss the accuracy and reliability
of the estimates of resistance from the simplified solution (equa-
tions 1 and 4) and full inversion (equations 2 and 4) for three syn-
thetic cases. As Kolaj and Smith (2013) suggest, the simplified
solution is most effective when the survey is performed inside of
the loop because in this configuration, the vertical magnetic fields
will be large relative to the horizontal magnetic fields (i.e., the
ignored terms Hs

ydR∕dy and Hs
xdR∕dx will be minimized). As

such, the first example involves this configuration while the second
and third examples involve loop positions outside of the survey area
where the simplified solution may fail because the size of the
ignored terms will be larger. In each example, a 30 Hz, two-coil
ground UTEM survey (with one receiver coil at 0 m and the second
directly above at 2 m) with 27 lines and 27 stations per line (260 m
line length, 10 m spacing between lines) was simulated in Multi-
Loop III (Lamontagne Geophysics; Walker and Lamontagne,
2006). See Figure 1 for a schematic of the transmitter-loop locations
and the thin-sheet models used. Depths ranging from 20 to 40 m
were used for the synthetic models because these near-surface
sheets would be the typical target depths/thicknesses for this
method (i.e., overburden, mine waste, and near-surface deposits).
The vertical spatial derivative (dHs

z∕dz) and the vertical-component
time derivative (dHz∕dt) were calculated using finite-difference op-
erators. The identity matrix was used for the error matrix, and there
was no noise added to the data (apart from some numerical noise
present in the forward model).

Example 1

In the first example, a 400 × 400 m loop is positioned around the
survey area, the sheet is at a depth of 25 m, and the background
sheet and anomaly (r ¼ 40 m) are 0.5 and 0.05 ohm, respectively
(Figure 1). The resistance results for the simplified solution and the
full inversion gridded along the 27 lines can be seen in Figure 2. The
regularization coefficient α was set to zero (i.e., the simplified sol-
ution is calculated directly for each station using equation 1), and no
data padding was required.
At early time in particular, the background resistance of the sheet

from the simplified solution and full inversion is estimated to be
0.5 ohm, which is consistent with the input value. The background
resistance is underpredicted with increasing delay time with both
methods (i.e., the background resistance in the later time channel
is closer to 0.4 ohm than the true value of 0.5 ohm), and it is hypoth-
esized in Kolaj and Smith (2013) that it is due to the fields at a later
delay time being impacted by the finite size of the sheet used in
MultiLoop III. The dimensions of the anomaly are not as easy
to estimate because they depend on which method and time channel
are used. The simplified solution appears to produce sharper anoma-
lies, but this is slightly deceiving because outside the anomalous
area, the resistance overshoots the conductive anomaly (Figure 2).
If the anomaly had been resistive, there would have been an under-
shoot (not shown). This overshoot and undershoot are most evident
at late delay times. On the other hand, the full inversion provides
smooth changes in the correct sense (i.e., broader anomalies with no
over/underpredictions). Nevertheless, the anomaly size can be esti-
mated to be roughly 80–120 m in diameter, which is consistent with
the synthetic model. The resistance of the anomaly is generally
underpredicted (unless its dimensions are large), and in Figure 2,
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it can be estimated to be somewhere between 0.1 and 0.3 ohm, with
the late-time estimates being closer to the true value.

Example 2

In the second example, a 500× 500 m loop is located to the west of
the survey grid, the sheet is at a depth of 40 m, and the background

sheet and anomaly (r ¼ 60 m) resistances are 0.1 and 0.01 ohm, re-
spectively (Figure 1). Contrary to example 1, in this example, the
secondary horizontal magnetic fields (predominantlyHs

x) are compa-
rable in early time channels and larger at intermediate time channels
than the secondary vertical magnetic field. The regularization coef-
ficient α was set to zero for the simplified solution and full inversion,
and data padding was used for the full inversion. The resistance re-
sults gridded along the 27 lines can be seen in Figure 3.
In this example, both approaches can be used to accurately es-

timate the background resistance (0.08 to 0.1 ohm) but the simpli-
fied solution produces a conductive and resistive anomaly while the
full inversion correctly identifies a single conductive anomaly
(slightly offset from the center). If the simplified solution had been
used on its own, there may have been some ambiguity as to whether
the anomalies are resistive or conductive. Furthermore, uncertain-
ties can also arise if there is a single anomaly on the edge of the grid
or on a single line because the interpreter may be unsure if it is truly
a single anomaly of the correct resistance or if it is only a portion of
a double anomaly (either a conductive or resistive portion).

Example 3

In the third example, a 400 × 400 m loop is located to the
north of the survey grid, the sheet is at a depth of 20 m, and the

Figure 1. Plan view of the survey geometry used for the three syn-
thetic examples (top, drawn to scale) used in MultiLoop III and, for
reference, an oblique view for example 1 (bottom, not drawn to
scale, modified from Kolaj and Smith, 2013): Tx represents the di-
mensions of the square transmitter loop size, and the dark gray circle
(of radius, r) represents the zone of anomalous resistance (Ra)
within the sheet of background resistance (Rb) at a depth of z.

Figure 2. Resistance calculated using the simplified solution (equa-
tion 1, left panels) and the full inversion (equations 2 and 4, right
panels), at t ¼ 0.04 ms (top panels) and t ¼ 0.29 ms (bottom pan-
els) for synthetic example 1 (Figure 1). Resistances of the back-
ground sheet and anomaly (r ¼ 40 m, black circle) are 0.5 and
0.05 ohm, respectively. Gridding on this and subsequent figures
uses triangulation with linear interpolation.
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background sheet and anomaly (r ¼ 40 m) resistances are 1 and
10 ohm, respectively (Figure 1). As with example 2, the secondary
horizontal magnetic fields in this survey geometry are comparable
to the vertical magnetic field. However, with this model being more
resistive and possessing a resistive anomaly (as opposed to a con-
ductive anomaly), the magnetic field strengths are lower than the
previous two examples, allowing for numerical noise to be more
pronounced (especially in the dHs

z∕dz). The calculated resistance
using no regularization can be seen in the top two panels of Figure 4.
There is a sign reversal in the dHs

z∕dz at the southern end of the
anomaly (away from the loop), and in the simplified solution, this
sign reversal causes a negative resistance to be calculated. As such,
the absolute value of the resistance with the simplified solution was
used. With the full inversion, taking absolute values is unnecessary
because the additional terms in the full inversion (Hs

ydR∕dy and
Hs

xdR∕dx) that have been ignored in the simplified solution result
in positive resistances only. Due to the lower signal value and in-
creased noise, the matrix A in equation 4 is ill conditioned and, in
contrast to the previous two examples, requires regularization in
order for a nonerratic solution to be found. A comparison of the
two solutions with regularization can be seen in the bottom two
panels of Figure 4. For the simplified solution and full inversion,
the regularization coefficient α was selected based on an L-curve
and qualitative analysis (5 × 10−5 and 1 × 10−5, respectively). Data
padding was used for both methods, and the absolute resistance was
used for the simplified solution.
In Figure 4 (bottom panels), the regularized full inversion cor-

rectly displays a resistive circular anomaly in the center of the sur-
vey grid. The size of the anomaly and background resistance is also
consistent with the input model parameters. The regularization
helps to remove some of the erratic resistance estimates in the sim-
plified solution. However, overall, the regularization does not aid in
its interpretation, and in fact, it reduces the likelihood that it would
be correctly interpreted as a resistive anomaly because the conduc-
tive portion appears to dominate the map. Moreover, as previously
stated, applying regularization to the simplified solution causes the

method to lose its advantages over the full inversion. Thus, if regu-
larization is to be applied, then the full inversion is recommended.

Discussion on synthetic examples

Based on the assumptions of Kolaj and Smith (2013), it is clear
that the simplified solution relies on terms 2 and 3 of equation 2
(Hs

ydR∕dy and Hs
xdR∕dx, respectively) being negligible. This oc-

curs when the product of the spatial resistance derivative and hori-
zontal magnetic field component are small in comparison to the
product of the resistance and vertical spatial derivative. This can
be analytically investigated by calculating an unreliability param-
eter, the ratio T:

T ¼ 100

��� dRdy Hs
y þ dR

dx H
s
x

������R dHs
z

dz

��� ; (5)

where R and its spatial derivatives are calculated from the results of
the full inversion. A ratio close to zero would imply that terms 2 and
3 are negligible, while a ratio of 100 would imply that the sum of
terms 2 and 3 is of the same size as RdHs

z∕dz. The values of T for
each example can be seen in Figure 5. Because the resistances, re-
sistance contrasts, and survey geometries differ in each example

Figure 3. Resistance calculated using the simplified solution (equa-
tion 1, left panel) and the full inversion (equations 2 and 4, right
panel), at t ¼ 0.04 ms for synthetic example 2 (Figure 1). Resistan-
ces of the background sheet and anomaly (r ¼ 60 m, black circle)
are 0.1 and 0.01 ohm, respectively.

Figure 4. Resistance calculated using and not using regularization
(bottom and top panels, respectively) for the simplified solution
(equations 1 and 4, left panels) and the full inversion (equations 2
and 4, right panels) at t ¼ 0.07 ms for synthetic example 3
(Figure 1). The background sheet and anomaly (r ¼ 40 m, black
circle) are 1 and 10 ohm, respectively.
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(Figure 1), more attention should be paid to the overall trends (high
or low, as opposed to their absolute size) in the T ratio when com-
paring the three examples in Figure 5.
In example 1, the only area where the simplified solution may

yield erroneous resistances is directly adjacent to the conductive
anomaly where the ignored spatial resistance derivative is the larg-
est (example 1, Figure 5). This is likely to be what is causing the
over-/undershoot on the outside of the anomaly (example 1,
Figure 2). Terms 2 and 3 are negligible in the center (i.e.,
T ≈ 0) where the spatial resistance derivative is small due to the
size of the body, which allows for the resistance of the anomaly
to be determined more accurately. In examples 2 and 3, the surveys
are offset from their transmitter loops and a double anomaly appears
in the T ratio maps. Because the relative size of the horizontal mag-
netic field in comparison to the vertical magnetic field will be higher
in this survey geometry (survey offset from the transmitter loop),
there is an increased T ratio in examples 2 and 3. The ratio is
not as large further away from the anomaly because the spatial re-
sistance derivatives are much smaller here. As such, the relative
contribution of terms 2 and 3 in equation 2 is significant in close
proximity to resistance contrasts (anomalies) and by ignoring them,
erroneous and misleading results can be generated in the simplified
solution (i.e., double anomalies, negative resistances, and over-/
undershoots). If the simplified solution is to be used, the survey
should be organized in such a way as to minimize the horizontal

magnetic fields, such as by performing the survey inside of the loop,
as is done by Kolaj and Smith (2013). However, even if the survey is
performed inside of the transmitter loop, it is still important to in-
vestigate the T ratio. In example 1, if the conductive anomaly had
been located closer to one of the transmitter loop edges (example
not shown), then a nonsymmetric and potentially large overshoot
would have appeared on one side of the anomaly (the side closest
to the loop edge where the horizontal magnetic fields are large).
Calculating the T ratio would ensure that this overshoot is not in-
correctly interpreted as an additional anomaly. Furthermore, caution
should also be taken around large resistance contrasts, and the ab-
solute value of the resistance should be used if there are frequent
polarity changes in the input variables.
Ideally, we would like to be able to determine where the simpli-

fied solution will give erroneous results without having to compute
the full inversion. An approximation of the unreliability parameter
T is termed T 0, which is identical to equation 5 with the exception
that the R and its spatial derivatives from the simplified solution,
rather than full inversion, are used. The results of T 0 for each ex-
ample can be seen in Figure 6. The results are generally more erratic
because the simplified solution tends to produce more erratic resis-
tances (i.e., example 3). By comparing Figures 5 and 6, it is revealed
that while the T 0 ratio is larger, more erratic, and does not have as
well-defined zones as the corresponding T ratio, it is an adequate
approximation of T. As such, the unreliability parameter T 0 can

Figure 5. The ratio T (an unreliability parameter), calculated using
equation 5 for examples 1 (t ¼ 0.29 ms), 2, and 3 (regularized exam-
ple).Ahigh ratiocorresponds toareaswhere terms2and3ofequation2
are too large to be deemed negligible as they are assumed to be in the
simplifiedsolution.Anomalyboundariesareindicatedbyablackcircle.

Figure 6. The approximate ratio T 0 (an unreliability parameter),
calculated using the resistance and its spatial derivatives from
the simplified solution in equation 5 for examples 1 (t ¼
0.29 ms), 2, and 3 (nonregularized example). Anomaly boundaries
are indicated by a black circle.
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be used to determine where the simplified solution results are
unreliable when the full inversion resistance is not available. Un-
fortunately, both ratios require that the horizontal magnetic field
components, which are not required in the simplified solution cal-
culation, are measured.

COMPARISON OF METHODS ON FIELD DATA

The full inversion is tested on the TDEM survey data of Kolaj and
Smith (2013) where the simplified solution had previously been
used. A brief description of the survey details are as follows:
The survey was performed with the assistance of Vale and Abitibi
Geophysics on a dry mine tailings pond situated on Vale property in
Sudbury, Ontario, Canada. Three Geonics 3D-3 sensor coils each
measuring three components (x, y, and z) spaced 1.1 m vertically
apart were used with a SMARTem 24 receiver (120 kHz sampling
rate). A Geonics TEM-57 generated a 30 Hz 50% duty cycle pulse
with an exponential turn on and a linear ramp switch off in a loop
approximately 700 × 350 m (Kolaj and Smith, 2013). The survey
was performed inside the loop with a station spacing of 20 m on five
lines spaced 40 m apart (line length of approximately 200 m,
Figure 7). Because the survey was inside the loop, we expected
the horizontal components to be small and the simplified solution
to work well.

Each station was occupied for 2.5 min (five readings of 756
stacks), and the sensor coil output was integrated to give the mag-
netic field (Bx, By, and Bz) using the full waveform data (Smith and
Annan, 2000). Note that the B rather than H magnetic fields are
used because B units (nanotesla) are more commonly used in prac-
tice (B ¼ μ0H, where μ0 is the magnetic permeability of free space).
The dBz∕dz was calculated using the difference between the base
and the average of the mid and upper sensors (Kolaj and Smith,
2013). Finally, each line was trimmed to only include those stations
that were interpreted to be above the thin sheet (Kolaj and Smith,
2013). An example of dBz∕dt, Bx, By, and dBz∕dz for the trimmed
line 4 can be seen in Figure 8.
The weighting matrix (error matrix, W in equation 4) for the full

inversion was composed of the standard deviation of the five read-
ings of dBz∕dz at each station and several stations that were thought
to be unreliable due to a poor signal-to-noise ratio (S/N < 3 for early
time and S/N < 2 for intermediate time) were removed entirely
(Kolaj and Smith, 2013). Finally, the data were gridded into roughly
5 × 5 m cells and the full inversion and simplified solution were

Figure 7. Station locations and loop location for the vertical spatial
derivative TDEM survey of Kolaj and Smith (2013) superimposed
atop an aerial image of the dry tailings pond on Vale property lo-
cated in Sudbury, Ontario, Canada (modified from Kolaj and Smith,
2013).

Figure 8. Off-time, windowed, and stacked By, Bx, dBz∕dt, and
dBz∕dz for trimmed line 4 of the TDEM survey of Kolaj and Smith
(2013).
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calculated for early and intermediate times (Figure 9). The L-curve
analysis suggested that no regularization was required, but it was
found that using minor regularization helped to remove some small
artifacts in the resistance. As such, the regularization coefficient α
was equal to 1.0 × 10−5 for the full inversion and no data padding
was used. Note that no regularization was used for the simplified
solution as suggested above. Apart from the data trimming, the re-
sults of the simplified solution (Figure 9) could have been generated
in real time in the field. At first glance, the simplified solution and
full inversion have the same overall trend of a resistive zone trend-
ing roughly from north–south in the middle of the grid. The increase
in the calculated conductance from 192 to 575 μs is consistent with
the results found in Kolaj and Smith (2013), where it is attributed to
either the finite size of the sheet and/or that the conductivity con-
tinues and/or increases with depth.
The differences between the two methods and the validity of the

simplified solution can be investigated in more detail in the same
manner as in the modeling section (i.e., by calculating the unreli-
ability parameters, the ratio T, and/or the approximate ratio T 0 from

equation 5). These results can be seen in Figure 10. Although T 0 is
only an approximation, it defines the same general locations as T in
Figure 10. The largest ratio occurs overtop the resistive anomalies
and somewhat overtop the conductive band seen in the top panels of
Figure 9 (not shown well in Figure 10 due to the scale of the color
bar). Three profiles have been placed in Figure 10, positioned so
that profile 1 is in an area where the ratio T is smallest, while profile
3 has the largest ratio. Based on forward modeling, we do not expect
large differences between the simplified solution and the full inver-
sion when the survey is inside the loop. Where there are discrep-
ancies between the methods, it is likely to be an overshoot or
undershoot due mainly to lateral changes in resistance (i.e., large
values of the resistance derivatives). However, as seen in Figure 8,
the horizontal magnetic fields are more significant in certain areas,
especially along the eastern end of the survey lines, which may also
cause some differences between the conductances calculated with
the two methods. In profile 1, the resistance varies gradually and as
such, the resistance gradient is small and there are only minor
differences between the two methods and the T and T 0 ratios are
small (Figure 11). In profiles 2 and 3, there are more sudden resis-
tance changes, which cause small overshoots and undershoots on
the simplified solution results prior to the resistive and conductive
anomalies, respectively. For the large resistive anomaly in profile 3,

Figure 9. Conductance over the dry tailings pond calculated using
the simplified solution (left panels) and the full inversion (right pan-
els) for early time (top panels) and intermediate time (bottom pan-
els). Survey data are from Kolaj and Smith (2013). The black dots
represent the station locations with reliable data.

Figure 10. The approximate ratio T 0 and the ratio T (left and right
panels, respectively) calculated using equation 5 for Figure 9 at
early and intermediate times (top and bottom panels, respectively).
The black dots represent the station locations with reliable data. The
dashed lines represent the location of the profiles used for Figure 11.
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the full inversion suggests an anomaly that is less resistive than the
simplified solution implies. In both profiles, the increased T and T 0

ratio zones coincide well with areas where the conductances differ.
In this field example, although the full inversion does correct

some erroneous values found with the simplified solution, the sim-
plified solution does appear to be an adequate approximation. Fur-
thermore, the T 0 ratio (which can be computed without the full
inversion and potentially in real time along with the simplified sol-
ution) accurately indicated the zones where the simplified solution
may be unreliable. Unfortunately, the unreliability parameters (T or
T 0) do not indicate in what sense the simplified solution may be
erroneous. As such, had only the simplified solution and T 0 ratio
been available and had the resistive anomaly been a target of inter-
est, then a follow-up of the full inversion may have been sought. If
the simplified solution was done in the field, then the surveyors may
have opted to collect more dense data in and around the resistive
anomaly to improve the results of the full inversion. If an out-of-
loop survey was collected instead, then the synthetic models show
that artifacts such as low/high resistance doubles and overshoot and
undershoot would have been more prevalent. In this case, it would
be more important to look critically at the T or T 0 values.

CONCLUSIONS AND FUTURE WORK

The differential equation, which describes the EM induction in a
laterally extensive thin sheet with a varying resistance, can be
solved for resistance using a simplified direct transform of the mea-
sured data (the simplified solution) or through inversion (the full
inversion). The full-inversion approach is derived for magnetic
fields measured directly at the surface of a conductive thin sheet,
but, with synthetic models, we showed that reliable resistances
can also be calculated above shallow thin sheets. The simplified
solution relies on the assumption that Hs

ydR∕dy and Hs
xdR∕dx

are negligible in comparison to RdHs
z∕dz, which, we have shown

through synthetic modeling, is generally only valid when the survey
is performed inside of the loop and where there are minimal resis-
tance contrasts. If the assumptions are invalid, the simplified solu-
tion can generate erroneous and misleading results in the form
of dipolar (conductive and resistive) anomalies in place of single
anomalies. Other erroneous artifacts include negative resistances
and estimates that overshoot and/or undershoot near resistance con-
trasts. By identifying where the ratio T (an unreliability parameter)
is large (or the approximate ratio T 0 if the full inversion is not avail-
able) the areas where the simplified solution will give erroneous
results can be identified. Comparison of the two methods using real
field data collected overtop a dry tailings pond in Sudbury, Ontario,
Canada, with a fixed in-loop survey geometry showed small
differences between the resistances calculated using the two meth-
ods, most of which correlated with sudden resistance changes or
areas where the horizontal magnetic fields were more significant.
The good agreement between the simplified solution and full inver-
sion is consistent with the unreliability parameters T and T 0 being
generally less than 100 in the survey area (i.e., the neglected terms
in the simplified solution are small in comparison to the terms
included).
In the simplified solution, each station is independent of the other

and as such, the simplified solution could be performed with a sin-
gle station. However, the full inversion involves spatial resistance
derivatives that are calculated using finite-difference operators and
as such, the inversion requires line/grid data (and interpolation if the
grid is not adequately dense). The simplified solution also does not
require the collection of horizontal magnetic fields, which may save
time depending on the equipment used. Furthermore, the simplified
solution could be quickly calculated in the field in real time because
it only requires simple arithmetic (assuming that the vertical mag-
netic field and its time derivative are measured or can be calculated
from the data) whereas the full inversion is a more complex algo-
rithm that requires some user input (selecting a suitable regulariza-
tion coefficient and padding the data). As such, the simplified
solution is a good candidate as a first pass and/or field interpretation
provided that the survey is designed in a way to minimize the
horizontal magnetic fields and caution is taken around resistance
contrasts. Furthermore, if horizontal magnetic fields are recorded,
the ratio T 0 can potentially be calculated alongside the simplified
solution in the field (or trivially post data collection), which will
indicate zones in which the simplified solution may be providing
unreliable conductance estimates. For example, the simplified sol-
ution could be performed in the field, possibly with large station
spacing, to identify areas of interest and zones where the T 0 ratio
is acceptable. If necessary, more finely spaced and/or grid data
could then be acquired for the more reliable/accurate full inversion
over any areas of interest or zones where the T 0 ratio is found to be

Figure 11. The left axis corresponds to the conductance as calcu-
lated using the simplified solution (dashed black line) and full in-
version (solid black line) at early time (t ¼ 192 μs) for the profile
locations shown in Figure 10. The right axis corresponds to the cor-
responding T 0 (dashed-dotted gray line) and T (dotted gray line)
ratios.
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above some threshold. Whereas the synthetic tests and the field trial
focused on fixed-loop TDEM systems, the simplified solution and
full inversion can also be used with frequency domain and/or mov-
ing (airborne) EM systems.
In this paper, we solved for resistance at each delay time rather

than for a single resistance, which is consistent with all delay times.
This was done to potentially track for variations in resistance with
time that may be associated with changes in the resistivity with
depth. In our future work, we aim to use this information to generate
resistivity depth sections.
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